Maple 2018.2 Integration Test Results
on the problems in "5 Inverse trig functions/5.3 Inverse tangent"

Test results for the 48 problems in "5.3.2 (d x)”m (at+b arctan(c x"n)) " "p.txt"

Problem 3: Result more than twice size of optimal antiderivative.

J a + barctan(cx)
X

dx

Optimal (type 4, 27 leaves, 3 steps):

i Ibpolylog(2, —Icx)  Ibpolylog(2,Icx)

1
aln(x) > 5

Result (type 4, 73 leaves):

L IbIn(ex) In(1 +1cx) _ Ibln(ex)In(l—Tex) | Ibdilog(l+Icx) _ Ibdilog(1—Iex)

aln(cx) +blIn(cx) arctan(cx) > > 2 2

Problem 6: Result more than twice size of optimal antiderivative.
sz (a + barctan(cx) )2 dx

Optimal (type 4, 120 leaves, 9 steps):

2
2b (a+ barct Inf ———
(a arctan(cx) ) n( 1+ch)

b x _ bzarctan(cx) _ bxz(a +barctan(cx)) I(a+barctan(cx))2 " X (a +barc’[an(cx))2 _
3¢ 3¢ 3¢ 37 3 303

2
15% polyl 2,1 — ———
poyog(, l+ch)

33

Result (type 4, 297 leaves):

. I
©d? i )r"bzarctan(cx)2 _ bzarctan(cx)x2 n bzarctan(cx) 1n(c2x2+1) -l-& _ bzarctan(cx) i Ibzdllog(? (cx—I)) _ Ibzln(cx—I)2
3 3 3c 3¢ 3¢ 3¢ 6 127
Ibzdilog(—% (cx—i—I)) . [PIn(E2 +1) In(ex—1) N Ibzln(cx—l—l)ln(% (cx—I)) Ibzln(cx—I)ln(—% (cx-l-I))
6 6 6¢c 6¢
4 Ibzln(cx+l)2 _ Ibzln(c2x2+1)ln(cx+1) i Zfabarctan(cx) _ Zab I abln(czx2+1)
1273 6 3 3¢ 33

Problem 9: Result more than twice size of optimal antiderivative.

(a + barctan(cx) )2
X

dx



Optimal (type 4, 121 leaves, 6 steps):

-2 (a + barctan(cx) )2arctanh -1+ 2z —1b (a + barctan(cx) ) polylog| 2,1 — 2 +1b (a + barctan(cx) ) polylog| 2, -1 + 2z
I +1Icx I +1Icx I +1Icx
2 2
b?polylog| 3,1 — —=—— b polyl 3-1+—)
_ poyog( ’ 1+ch) N poyog( ’ l1+1Icx
2 2
Result (type 4, 1127 leaves):
2 2 2
-labdilog(1 —1Icx) —l—Ibzarctan(cx) polylog[z, —MJ — 21b?%arctan(cx) polylog| 2, I +lex + 16 narc;an(cx)
@ +1 JZZ+T
—21b? arctan(cx) polylog(Z, —ﬂ] +2abln(cx) arctan(cx) +Iabdilog(1 +1Icx) +b2arctan(cx)21n{l - ﬂ]
Va2 +1 VAP +1

2
+ b%In(cx) arctan(cx)? —bzarctan(cx)zln[ (Alex)” 1) + b*arctan(cx)In| 1 + _Llex +Tabln(ex) In(1 +1cx) —Iabln(ex) In(1
@+l JZE+1
(1+ch)2 1 2 (1+ch)2 1 3
Ibzncsgn GEakd 3 arctan(cx)2 Ibzncsgn GEakd 3 arctan(cx)2
|+ (1 +TIcx) |+ (1 +TIcx)
Clex) - A 41 4 A +1
2 2
1[(1“”)2—1) 3 I((1+1cx)2_1] 2
Ibzncsgn GEakd arctan(cx)2 Ibzncsgn I csgn o+ 1 arctam(cx)2
- (1 +1cx)? - (1 41Icx)? - (1+1cx)?
N A 41 3 AP 41 AP +1
2 2
(1+ch)2_ I[ (1+ch)2_1)
Ibzncsgn ekl 5 | csgn ekl 3 arctan(cx)?
1+ (1 +Tcx) |+ (1 +TIcx)
N A +1 A +1
2
I((1+1cx)2_1] 2
2
Ibzncsgn[I[M —IJ]csgn cxe t1 5 arctan (cx)?
A+ (1 +1cx)

T




(1+ch)2_1 2 I((1+ch)2—1]

152 TCcsgn ekl 3 csgn 5 arctan(cx)2 )
1+ (1 +Tcx) 1_}_(1+ch) bzpdybg(3 (I +1Icx) J
3 A +1 A +1 B L 2241 + 25 polylog| 3, - —LFLex
2 2 AP +1
I[ (1 +ch)2 __1J
2
Ibzncsgn[l[M —l}jcsgn I 5~ | csen e +1 5 arctan(cx)2
AP +1 (1+1cx) (1 +1cx)
T T
+21;21:>01y1og[3,M +a?In(ex) + 2“ +1
JEFP +1
Problem 11: Result more than twice size of optimal antiderivative.
J(a+barctan(cx))3dx
Optimal (type 4, 112 leaves, 5 steps):
2 2 2
3b (a + barctan(cx) )2ln( —) 31b° (a +barctan(cx)) polylog(Z, 1 - —J
3
I(a +barctan(cx) ) +x(a+barctan(cx))3+ 1 +1cx 1 +1Icx
c c c
3 2
3 b° polylog| 3,1 — ——
1 +1Icx
_|_
2¢
Result (type 4, 269 leaves):
2 2
3 N 3 arctan(cx)zln[l +(iz;t2¢x)) 3Ib3arctan(cx)polylog(2, —%A]
a3x—w +b3arctan(cx)3x+ +1 - +1
c c c
2 2
3b3pdybg[3,—i%é§£££L—J 5 6mcmn(aﬂln[l4—£%E§;££L-]ab2
4 + 1 _ 3larctan(cx)“ab +3arctan(cx)2xab2+ +1
2c¢ c c
(1 4+1Icx)? )
3Ipolylog[2,—— ab )
B P +1 430 barctan(ex) x — 3 bIn(f2 +1)

c 2¢

Problem 18: Unable to integrate problem.
J(dx)m (a +barctan(cx) ) dx

Optimal (type 5, 71 leaves, 2 steps):



(dx)'+7 (4 + barctan(ex) ) B bc (dx)2+mhypergeom( [1, 1+ % ], [2 + %], _CZXZ)

d(1+m) & (1+m) (2+m)

Result (type 8, 16 leaves):
J(dx)m (a +barctan(cx) ) dx

Problem 20: Result is not expressed in closed-form.

J a+ barctan(cxz) dr

X
Optimal (type 4, 31 leaves, 4 steps):
aln(x) + Ibpolylog(Z, _chz) B Ibpolylog(2,1cx2)

4 4

Result (type 7, 62 leaves):

Rl —x . Rl —x

In(x) 1n( R ) —l—dllog( Rl )
’ ) RI? )
aln(x) + blIn(x) arctan(cx?) — RI=RootOf(2 7 +1) 5 =

c

Problem 25: Unable to integrate problem.
sz (a + barctan(cxz) )2 dx

Optimal (type 4, 1030 leaves, 86 steps):
21ab¢ | 2 (2a+1b(1 —1c2))> PP —1cd) B2 +1c?)’ (=)' Abarctan((—1)® AxJT) 2a+1bIn(1 —1c?))

9 12 9 12 33 /2
N (—1)3 A p2arctan( (—=1)3 4xy< ) n(1 +1Tcx?) N (—1)3 b2 arctanh ( (—1)3 4 xy< ) In(1 +1e?)
3372 332
2 (=1)3 4 parctan( (—1)3 74 xJ7) 1n( 2 ) 2 (=1)3 A parctan( (—1)3 7 x <) ln[ 2 ]
1 —(=1)! Axye N 1+ (1) Axye
303/2 303/2
1) A7) 2
(—1)3/4b2arctan((—l)3/4x\/?)ln[\/T(( L) txye ] 2(—1)3/4b2arctanh((—1)3/4x\/?)1n( ]
B 1+ (=) AxJe N 1= (=1)3/AxJc
36872 308 /2
~1)* A +x/7)
2(—1)3/4b2arctanh((—1)3/4x\/?)ln( 2 ) (—1)3/4b2arctanh((—1)3/4xﬁ)1n[—ﬁ(( D7 Fxye ]
B L+ (=1 Axfe ) 1+ (—1)3 Axe
3372 33 /2



(—=1)3 A parctanh ( (—=1)3 4xy< ) In

33 2

(1+1)(1+(—1)1/“x¢?)J
1+ (—1)3AxJc

(=1)3 A4 p2arctan( (—1)3 4 x <) ln[ (1-1 (1+(-1)3 /4x\/?)

1+ (=) Axye ] _21P xIn(1 —Icx?)  TabX (1 +Icx?) | 21KxIn(1 +1ca?)

- -

3672 3¢ 3 3c
2= Aabarctanh((=1)2 AxyT)  (=1)* Aparctanh( (—1)3 AxyT) In(1 —Ic?)
36 /2 36 /2
_1\3 /4

(—1)3/4b2p01y10g(2,1— 2 ) (—1)3/4b2polylog 2,1+ \/7(( 1) +x\/?) ]

N 1+ (-3 Axye ) 1+ (=1)3/AxJc
3372 63 2

(193 /40 polylog| 2.1 — LD (14 (=) Ax/e) J (1)1 0 potgog| 2.1 + (7LD (14 (=1)* Aa /) J

~ 1+ (=1)3AxJc B L+ (=) Axfe
63 /2 63 /2
_ 162 (2a+1bm(1 —Te?)) 4 (=1)3 A p2arctan( (—1)3 4 xJ7) N (=1)! 782 aretan( (=1)3 Ax i)’
9 382 3682
_ 4(—1)3 /4b2arctanh/((—l)3 /4x\/?) _ (—1)3/4b2arctanh(/(—1)3 /4x\/?)2 I bzxsln(l —chz)ln(l +ch2)
303 2 303 2 6

(—1)! /4b2p01ylog(2, - 2 ) (—1)! /4b2polylog[2, | — 2 ]

N | — (=) AxJc N 1+ (1) AxJc
3672 363 /2
11 /4

(—1)1 /4b2p01ylog[2,l— \/7(( 1) +x\/?) ] (—1)3/4b2polylog[2,l— 2 J

B L+ (=) AxJe N 1—(=1)3%AxJc )  4abx
603 /2 33 /2 3¢
Result (type 8, 18 leaves):
sz (a +barctan(cx2) )2 dx

Problem 26: Unable to integrate problem.
J-(a + barctan(cxz) )3 dx

Optimal (type 1, 1 leaves, 69 steps):
0

Result (type 8, 14 leaves):



J-(a + barctan(cxz) )3 dx

Problem 27: Unable to integrate problem.

(a +barctan(cxz))3
dx
x2
Optimal (type 1, 1 leaves, 47 steps):
0
Result (type 8, 18 leaves):
J (a + barctan(cxz) )3
2 dx

Problem 32: Unable to integrate problem.
ng (a + barctan(c;f’) )2 dx
Optimal (type 4, 136 leaves, 10 steps):

2b (a +barctan(cx®) ) ln( _ 2 J

b2 _ bzarctan(cx"') _ bx® (a +barctan(cx3)) _ I(a+barctan(cx3'))2 i x (a+barctan(cx3))2 _ 1 +Icx
9 9¢ 9c¢ 9¢ 9 9¢
2
Ib2polylog[2, 1 - —)
_ 1 +Icx
9

Result (type 8, 18 leaves):
ng (a + barctan(cf) )2 dx

Problem 35: Unable to integrate problem.

J(a +barctan(cx3))2 dr
X
Optimal (type 4, 137 leaves, 7 steps):
2 (a +barctan(cx”) )zarctanh( -1+ 2 j 16 (a -I—barctan(cf) ) polylog[Z, 1 - ;)
i L+Icexd ) 1 +1Icxd
3 3
16 (a —l—barctan(cf) ) polylog(Z, -1+ ;) bzpolylog(3, 1 - #J bzpolylog[3, -1+ ;j
1+1cxX 141X’ 141X’

+ — +
3 6 6




Result (type 8, 18 leaves):

Problem 37: Unable to integrate problem.

Optimal (type 1, 1 leaves, 69 steps):

Result (type 8, 14 leaves):

Problem 38: Unable to integrate problem.

Optimal (type 1, 1 leaves, 77 steps):

Result (type 8, 18 leaves):

Problem 39: Result more than twice size of optimal antiderivative.

sz (a +barctan(c;€’) )3 dx

Optimal (type 4, 128 leaves, 6 steps):

J (a + barctan(cf’) )2

J(a + barctan(cx") )2 dx

J-(a + barctan(cx3) )2 dx

X

X

J (a + barctan(cx3) )2

6

J (a + barctan(cx3) )2

X

dx

dx

dx

2 2
b (a + barctan(cx’) )2ln[ ) 16? (a + barctan(cx’)) polylog(z, 1 - —)
I(a +barctan(cx3) )3 I X (a +barctan(cx3) )3 I 1 +1cx’ n 1 +1cx’
3¢ 3 c c
b polylog(3, 1 - ;)
N 1 +1Icx
2c
Result (type 4, 302 leaves):
2 2
1 4—ch3) (1 +—ch3)
b arctan(cxz)zln 1+ (—) 15’ arctan(cf’) polylog[2, ——
a0 . 15 arctan(cx’“’)3 i b arctan(cx3)3x7’ n A0+ _ AP +1

3 3c 3

C



5 2

b3p01y10g[3, . (162+610x3) E 2 2arctan(cx’) In| 1 + %&]abz
+ X +1 — Larctan(cx’)"ab +arctan(cx3)2x$ab2+ ]

2¢ ¢ ¢
2

Ipolylog{Z, —(10;_6& ab? 5 240

_ x +1 +a2barctan(cx3)x3— a4 bln(2 X +1)
c c

Problem 40: Unable to integrate problem.

J (a +barctan(cx§))3
dx
4
X
Optimal (type 4, 122 leaves, 6 steps):
3 3
e (a —l—barctan(cx?)) - (a +barctan(cx”)) +bc(a +barctan(cx”) )zln(2 - ;) —1b%c (a -I—barctan(cf) ) polylog[Z, -1+ ;)
3 3% 1 —Icx 1 —Icx
b3cpolylog(3, -1+ ;)
N 1 —Icx
2
Result (type 8, 18 leaves):
J (a +barctan(cx”))3
dx
4

Problem 41: Unable to integrate problem.

J(dx)m (a +barctan(cx®) ) dx
Optimal (type 5, 73 leaves, 2 steps):
44m 2 m|[5 m] 2%
(dx)' ™" (a + barctan(cx’)) _ 3beldx) hypergeom({l, 3 * 6 ]’ [ 3 * 6 ]’ sz)
d(1+m) (1 +m) (4+m)

Result (type 8, 18 leaves):
J(dx)’" (a +barctan(cx®) ) dx

Problem 46: Result more than twice size of optimal antiderivative.

J(a+barctan(§))2dx

Optimal (type 4, 79 leaves, 6 steps):



2
Ic (a +barccot( ﬁ)) +x (a —l—barccot(
c

Result (type 4, 356 leaves):

o =

2
_ x 2c¢ 2 _2c
)) 219(:(41—i-barccot(c))ln(c_i_I )—Hb cpolylog(Z 1 +Ix)

5 2 chzln(l é) [— —1)
xa? +b2xarctan[ E) +cb2arctan( £ ) In| 1 +— —2cb2arctan( £ ) ln( E] + —chzdilog(l + I—C)
X X 2 X X 2 X

ch21n(£+1)1n(1(5—1)) ch2dilog(-l(£ +1)) chzln(ﬁ—l)ln(-l(ﬁ +1))
+ x 2 \x -~ 2\ x -~ ad 2 \x —Ich?In| £ |n 1+5)
2 2 2 X X
62 2
1 ch2ln[ < ( +I) chzln( ¢ —1) chzdilog(% (5 —1)) Ieh?In
+ch21n(£)l(1——c)— - < + X +
X X 4 2

[+
4" +1cb? dilog( 1

X2
2
1¢) 4 2abxarctan +cabln é —2cabln
x) (x) x2 ( )

Problem 47: Result more than twice size of optimal antiderivative.

c 3
(a +barctan(—))
2 dx

2

Optimal (type 4, 129 leaves, 6 steps):

x )2 2 2 X 2
3 3 3b | a+ barccot| — In 1o 316° | a + barccot| — | | polylog| 2,1 — ———
I(a +barccot(£)) (a+barccot(£)j ¢ < ¢
c c

X
C X C

c

1+ 1<
X

353 polylog[S, T

2¢
Result (type 4, 305 leaves):

2 2
2 (1 +—] (1+I—C)
3 3 353 arctan( E) In| I + —; 3153 arctan( )polylog 2, ——:2
x
3 Ib3arctan(£) b3arctan(£] 1+ — 1+ —
& x) x) 2 ), 2
X c X c




2
(1+E)
363 polylog| 3, -~~~

2
)
2 2 2 6arctan(£)ln 1+—; ab?
1+ 3Iarctan(—) ab? 3arctan(—) ab? 1+
2 X x 2
i + i
2c¢ c X c
2
)
3 Ipolylog 2’_—; ab? 2
14+ — 3a2barctan(£) 3a2bln[l+—J
2 . 2
+ +
c X 2c¢
Test results for the 11 problems in "5.3.3 (dte x)”"m (at+b arctan(c x"n)) " p.txt"
Problem 4: Result more than twice size of optimal antiderivative.
J(ex+d)2(a+barctan(cx))2dx
Optimal (type 4, 250 leaves, 15 steps):
_2abdex | b*Px b larctan(cx)  2bh*dexarctan(cx)  bé*® (a +barctan(cx)) N 1(32d*— &) (a +barctan(cx))?
c 3¢ 3¢ c 3c 3¢
d(dz— ﬁ] (a +barctan(cx) ) 26 (3342 — &) (a+barctan(cx))ln( 2 )
& (ex+d)> (a + barctan(cx) )? 1 +1Icx
- + -
3e Je 33
2
152 (32 d — &) polyl (2,1— J
bzdeln(czxz—i—l) ( ) polylog 1 +1Icx
+ +
& 33
Result (type 4, 749 leaves):
2 2 2 2 2 2
b”earctan(cx)“d b & arctan(cx) ¥ _ b7arctan(cx) In(?x?+1)d _ abln(A2+1)d +2abarctan(cx) xd® + 2ab e arctan(cx) X
A 3¢ c c 3
. I . |
16 dilog| — (ex—1) | & 152 dil (-— +1 )ez
5 5 152 In(cx +1)2 & “’g( y (ex )j 152 In(cx —1)2 & ilog| -7 (ex+1) 152 In(cx —1)2 d?
+ b” earctan(cx) 2d+ 3 - 3 -
12¢ 6 12¢ 6 4c
Ibzdilog(-l (cx+I))d2 Ibzdﬂog(l (cx—I)jdz
N 2 IR In(ex+D3d? 2 _abdy L b? P arctan(cx) In(? 2 +1) N abln(A2 +1)
2¢ 4c 2¢ 3¢ 33 33
L DPdein(P2 +1) _ 2abdex _ 2b°dexarctan(cx) | 2abearctan(cx)d
A c

? 2
2 +2abearctan(cx) X d + Ib 1n(cx+1)21n(62x2+1)d
c c




2 1 _ 2
1o 1“( 2 (cxH)Jln(” D e =D (@2 +1) &

2¢ 2¢

+ +a*xd* + + a* ex? d + b* arctan(cx) x d?

262)(3 2d3
a a
3 + 3e

N ) Ibzln(% (cx—I))ln(cx+I)d2 ) Ibzln(—% (cx+1)]1n(cx—1)e2
3 32 308 2¢ 60
21 Lo =
L Pinex =) (@@ +1) & 1o 1“( y (ex I))ln(”H)ez 1 In(ex+1) In(ERP +1) &
6 6 6

4 bze'zarctan(cx)z)c3 b P x _ bzezarctan(cx)

Problem 5: Result more than twice size of optimal antiderivative.

J(ex+d)3 (a + barctan(cx) ) dx

Optimal (type 4, 605 leaves, 29 steps):
3abldéx b x N b3 & arctan(cx) N 3 b3 d & xarctan(cx) N b*&E® (a+barctan(cx))  3bdé (a+barctan(cx))?

¢ 4c 4ct & 4¢ 2¢
5 1b3e3polylog(2,1—#) ) 5 5
N 1bé& (a + barctan(cx) ) L l+1lcx ) 3be(6Fd*—&)x(a+barctan(cx))?  3bdex* (a+barctan(cx))
4 4 4 2c
_béﬁ(a+bmmmwﬂ)2+Id@d—e)@d+e”a+bme@xH3_ @hﬁ—68f¥+%ﬂ(a+bme@ﬂ)3
4c J 4cte
2 2
e b arct In| —=— 3%e (62 d> — & b arct, 1(—}
4 (ex+d)4(a +barctan(cx))3 n (a +barctan(cx) ) n( 1+ch) _ e ) (a+barctan(ex) ) In 1 +1Icx
4e 2 2
2
3bd (cd — d b arct, 2In| —=—
4 (¢ ¢) (cd+e) (a+barctan(cx)) n( 1+ch) _ 3b3de21n(c2x2+1) _ 3Ibe(6c2d2—ez) (a +barctan(cx))2
el 27 4c
316%d (cd —e) (cd +e) (a+barctan(cx))p01ylog(2,l— LJ 3Ib3e(6czd2—ez)polylog(2, p— )
i 1 +1Icx _ 1 +1Icx
l 4
363d (cd —e) (cd—i—e)polylog(S,l— Lj
1 +1Icx

+

20

Result (type ?, 3576 leaves): Display of huge result suppressed!

Problem 6: Result more than twice size of optimal antiderivative.

J(ex—i—d)z (a + barctan(cx) )3 dx

Optimal (type 4, 388 leaves, 20 steps):



ab*fx b3ezxarctan(cx) __31lbde(a +barctan(cx))2

bé* (a+barctan(cx))?  3bdex(a+barctan(cx))?  belx* (a+barctan(cx))?

_|_ —
& & & 20 c 2c
3
d| & — == | (a+barctan(cx))>
L 16J82 = &) (a+barctan(cx))® ( & ] , (ex+d)? (a+barctan(cx))?
33 e 3e
2 2 2 2 2
K de(a+barctan(cx))ln(—1 ch) b(32d - &) (a+barctan(cx)) ln( 1+ch) peme )
e 3 23
3Ib3dep01ylog(2, 1 - #J 16> (32 d> — &) (a + barctan(cx)) polylog(Z, 1 - #)
1+4+1Icx 1+1Icx
- +
e 3
b (36’2d2 —ez)polylog(Z», 1 - LJ
4 1+4+1Icx

27

Result (type ?, 3021 leaves): Display of huge result suppressed!
Problem 7: Result more than twice size of optimal antiderivative.
J@x+d“a+bMmexH3®

Optimal (type 4, 243 leaves, 14 steps):

72— é] (a + barctan(cx))?>

_3lbe(a +barctan(cx))2 __3bex(a +barctan(cx))2 Id (a +barctan(cx))3 ( &

+ —
22 2¢ c 2e
2 2
3b%e (a + barct In| —=— 3bd (a+ barct 2In[ —=—
i (ex—l—a’)2 (a +barctan(cx))3 . ela arctan(cx) ) n( 1—|—ch) (a arctan(cx) ) n( 1—|—ch)
2e i c
3 2 2 2 3 2
31b° epolylog| 2,1 — —— 31b°d (a + barctan(cx) ) polylog| 2,1 — ———— 3b° dpolylog| 3,1 — ————
1 +1cx 1 +1cx 1 +1cx
— + +
22 c 2¢
Result (type ?, 7461 leaves): Display of huge result suppressed!
Problem 8: Result more than twice size of optimal antiderivative.
(a +barctan(cx))3 dr
ex+d
Optimal (type 4, 292 leaves, 1 step):
3 2 3 2¢(ex+d) 5 2
(a +barctan(cx) )’ In| ——— (a +barctan(cx) )’ In 31b (a + barctan(cx) )“polylog| 2,1 — ——
B 1 —TIcx i (cd+Te) (1 —Icx) i 1 —Tcx

e e 2e



31b (a +barctan(cx))2polylog(2,1 - 2c(ext+d) ) 36 (a +barctan(cx))polylog(3,l —#)
(cd+1e) (1 —1Icx) .

1 —1Icx
2e 2e

2c(ex+d) 3 [ 2 ) 3 ( 2c(ex+d) j
3b% (a + barct lylog| 3,1 — 31b° polylog| 4,1 — —=—— 315° polylog| 4,1 —
(a are an(cx))poyog( ’ (cd+1e) (1 —1Icx) J _ POLYIog] 1 —1Icx polylog (cd+1e) (1 —1Icx)

+
2e 4e 4e
Result (type ?, 2615 leaves): Display of huge result suppressed!

+

Problem 9: Result more than twice size of optimal antiderivative.

J (a + barctan(cx) )3 dr
(ex+d)?

Optimal (type 4, 477 leaves, 10 steps):

2
3b b arct 2ln[ —=—
Ic(a —l—barctan(cx))3 czd(a —l—barctan(cx))3 B (a—i—barctan(cx))3 ¢ (a+barctan(cx)) n[ 1—ch)

Fd+ & e(Fd*+ &) e(ex+d) &+

5 2 5 2¢(ex+d) )
In| — 1
3bc(a+barctan(cx)) n( 1+ch) . 3bc(a+barctan(cx)) n( (cd+1¢) (1 —1Icx)

&+ Cd+ &
1 —2I ) 31%¢ (a + barctan(cx) ) polylog(z, 1 - #)
ex ) o

1 +1Icx
Y ZE 4
2c¢(ex+d) ) 3 ( 2 ) 3 [ 2 )
315% b arct lylog| 2,1 — 3 b3 cpolylog| 3,1 — —=— 3 b3 cpolylog| 3,1 — —=——
cla+ arcan(cx))poyog(, (cd+le) (1 —Icx) ) CPOYIO8| 2 1 —1Icx n cPOYOB| ° 1+1Icx
Fd*+ & 2(Pd? + &) 2 (Pd? + &)

2c¢(ex+d) )
3 b3 cpolylog| 3,1 —
cPOyog( T (ed+1e) (1—1Icx)

2(2d*+ &)

Result (type ?, 2959 leaves): Display of huge result suppressed!

_|_

3167 ¢ (a + barctan(cx) ) polylog(Z, 1 -
_|_

_|_

Problem 10: Result is not expressed in closed-form.

a+b arctan(cxz)
ex+d

dx
Optimal (type 4, 421 leaves, 19 steps):
1 /4 1 /4
bcln e(l—(l—c/i) x) ]ln(ex-l-d) bcln[—e(1+(l_c/i) x)
+ (‘Cz) d+e + (—62) d—e
¢ 2e - 2e -

In(ex +d)
(a + barctan(cxz) )In(ex +d)




bcln(ex +d) In e(l_x _\/?) bcln(ex +d) In —e(1+x\/ '\/?)

( 02)1 A (ex+d)
_ etdy /- _ etd/-F ) (-&2)" 4

e E e E e E

(-62)1/4(ex+d) ] b cpolylog| 2, (ex+d)V -/ - b cpolylog| 2, (ex+d)\ -y -

b cpolylog| 2,
P g[ (<) Pave ) a2 ) erd) T2
2ey - 2ey -2 2ey -

Result (type 7, 137 leaves):
aln(ex +d) +bmwx+wammﬂm%

b cpolylog [

e e
In(ex+d) In —ex+ RI—d + dilog —ex+ RI—d
b “RI “RI
2 2
RI=RootOf(2 74 -42d B+62d2 2-42dB 7+2d4+H) _RI" =2 Rld+d

2¢

Test results for the 337 problems in "5.3.4 u (a+b arctan(c x))"p.txt"

Problem 15: Result more than twice size of optimal antiderivative.

x (a +barctan(cx) ) dr
d+1cdx
Optimal (type 4, 100 leaves, 7 steps):
2 2
+ b arct. Inf —— 15 polylog| 2,1 —
_lax  Ibxarctan(cx) (a arctan(cx) ) n( 1+ch) Ibln(c2x2+1) . poyog( 1—|—ch)
cd cd Ad 24d 24d

Result (type 4, 260 leaves):

1 3 7
barctan| — 3% + —
_Tax n aln(c2x2 +1) i Iaarctan(cx)  Ibxarctan(cx) I bln(cx —1) arctan(cx) n Ibln(c“x4 + 10222 +9) are an( 6 6 cx)

+
cd 272d Ad cd Ad 82d 42d
cx cx 1 | . I
~ barctan(T) N barctan(7 EJ Ibln(c2x2+1)  barctan(cx) IbIn(cx I)ln( 3 (cx+1)) B Ibdllog( EY (cx—i—I)J
42d 22d 42d 22d 22d 22d
_ 12
+_Ibhﬂcx I)
4c4d

Problem 16: Result more than twice size of optimal antiderivative.



J a + barctan(cx)
x(d+1Icdx)

Optimal (type 4, 49 leaves, 2 steps):

(a + barctan(cx) ) ln(2 - 2 ) Ibpolylog(z, -1+ 2 ]
1 +1cx n 1 +1Icx
d 2d
Result (type 4, 192 leaves):
B aln(czxz—%l) _ laarctan(cx) i aln(cx)  bln(cx —1) arctan(cx) i barctan(cx) In(cx) 4 IbIn(cx) In(1 +1cx)  Ibln(cx) In(1 —Icx)
2d d d d d 2d 2d
I . I
b1 —1)In| -—= +1 15 dil -—= +1
Ibdilog(1+1cx) _ Ibdilog(1 —lex) nlex )n( y (o )) . ‘Og( g (e )) _ Ibln(ex—1)>
2d 2d 2d 2d 4d

Problem 17: Result more than twice size of optimal antiderivative.
Ja + b arctan(cx)
X (d+1Icdx)

Optimal (type 4, 148 leaves, 12 steps):

(@2 +1) cz(a—i-barctan(cx))ln(Z— 2 j

_bc  blarctan(cx) | -a — barctan(cx) 4 Le(atbarctan(ex)) _ 1bc*In(x) N 16 In 1 +1cx

2dx 2d 2d3 dx d 2d B d

2
15 polylog| 2, -1
_ poyog( + 1+ch)

2d
Result (type 4, 334 leaves):

Galn(@2+1)  1bZIn(EP+1) _a _ I@bIn(ex)In(1+1lex)  Faln(ex) | @bln(ex—1)arctan(cx) _ barctan(ex) _ I bln(ex)
2d 2d 2 d2 2d d d 2 dP d

Iczbdilog(—%(cx+I)J Iczbln(cx—I)ln(—% (cx+I))

_ & barctan(cx) In(cx) i Icharctan(cx) . b ¢ arctan(cx) _ bc

d dx 2d 2d 2dx 2d
4 h@bhﬂcx—lﬂ 4 h@bdmg(l—lcx)__Igbdm%(l+lcx)_Flgbhﬂcx)m(l—lcx)4_13aammnhm) +Ica
4d 2d 2d 2d d dx

Problem 23: Result more than twice size of optimal antiderivative.

Jx (d +1cdx) (a +barctan(cx))? dx

Optimal (type 4, 186 leaves, 17 steps):
_abdx _ 1p%dx _ 1bdarctan(cx) _ bdxarctan(cx) _ 1bdx® (a+barctan(cx)) | 5d(a+barctan(cx))® | do? (a +barctan(ex))?

c 3¢ 32 c 3 6 2 2




2

led (a + barctan(cx) )> 2Ibd(a+baman(”))ln( I-I-ch) Pdin(A2+1)
+ - + +
3 3¢S 2J 372

Result (type 4, 415 leaves):

2
b dpolylog| 2,1 —
poyog( ’ 1+ch)

db*In(cx —1) ln( % (ex+1) j db?In(cx +1) ln(% (cx—I))

dabarctan(cx) _diim(ex=D (2 +1)  dblin(ex+DIn(EP+1)

dbzdilog(—% (cx—i—I))

leda®®  1dabx* _ 1db*arctan(cx) ¥ + da* N db’In(cx —1)? _db*In(cx+1)?

+ da b arctan(cx) 2+
3 3 3 2 12 6 12

dbzdilog(% (cx—I))

a’bzarctan(cx)2 4 dbzarctan(cx)zx2 n bzdln(c2x2+ 1) I chbzarctan(cx)zf I Idbzarctan(cx) ln(cz)c2 +1)

6 272 2 272 3 32
Idabln(?x* +1) | 2lcdabarctan(cx) X . 1b°dx  abdx  b*dxarctan(cx)  1b*darctan(cx)
+ + + - - -
3 2 3 3¢ c c 32

Problem 24: Result more than twice size of optimal antiderivative.

J (d+1cdx)? (a+ barctan(cx) )?
X

dx

Optimal (type 4, 279 leaves, 19 steps):

5d2(a +barctan(cx))2 2 czdzxz(a +barctan(cx))2

abcd2x+b2cd2xarctan(cx) — > +210d2x(a + barctan(cx) ) 2 —2d2(a
5 i 2 ’ 2 A 2
+ barctan(cx) ) arctanh( 1+ T lcx ) +41bd” (a + barctan(cx) ) ln( T lcx ) 2 2 b* d“ polylog| 2, 1 T lcx
b* d? polylog(3, 1 - )
2 2 2 2 1 +1Icx
—1bd* (a + barctan(cx) ) polylog| 2,1 — +1bd* (a + barctan(cx) ) polylog| 2, -1 + -
1 +1cx 1 +1Icx 2
bzdzpolylog(ﬁi, -1+ 2 )
i 1 +1cx
2
Result (type 4, 1541 leaves):
2 2 2
-1d? b2 arctan(cx) — M —dzabarctan(cx) —l—dzbzarctan(cx)zln 1 - L Alex —l—dzbzarctan(cx)zln(cx) —dzbzarctan(cx)zln[ (A Flex)”
2 JEZ+T ¢ +1

2 1.2 2
_1J +d2b2arctan(cx)2ln(1 4 1 +1Icx ]_ d? b? arctan(cx)? A X2

Ny :



(1+ch)2_1 I((1+1cx)2_1j
1d? bzncsgn GEakd 5~ | csen ek 3 arctan(cx)?
1+ (1 +1Icx) 1+ (1 +1Icx)
N A +1 A +1
2
I( (1 +1cx)? —l) 2
1d* b? mesgn I csgn e +1 arctan ( cx)2
1+ (1 +1cx)? 1+ (1 +1cx)?
_ AP +1 AP+
2
(1+ch)2_1 2 I((1+ch)2_l]
14> bzncsgn < +1 5 csgn X +1 3 arctan(cx)?
|+ (1 +TIcx) 14 (I +Tcx)
B A +1 A +1
2
1[ (1+lex)? 2
2
Idzbzncsgn[I[M —IJJcsgn GEaha 3 arctan (cx)?
A +1 |4 (L+Iex)
A +1

+Id2abdilog(l +1Icx) —2Ia’2abln(c2x2 +1) —Idzabdilog(l —Icx) +Id2b2arctan(cx) polylog[Z, -

—21d% b? arctan(cx) polylog[ 2, -

2

MJ —21d*b? arctan(cx) polylog[Z, M) + 4142 b? arctan(cx) ln[l + T +lex)
NEreTy JZET NEraey

+4Id2abarctan(cx) cx + 2d2abarctan(cx) In(cx)

(1 +ch)2 ]
A +1

212 2
Ld”b “ar;tan(”) + 414 b? arctan(cx) ln[l _ IO LX) N oy 22 ex+abedx + b2 ed xarctan(cx)
VP +1
(1+Ie)> Y (1+Iex)> Y
1% bzncsgn GEakd 3 arctam(cx)2 14> b2ncsgn GEakd 3 arctan(cx)2
|+ (1 +TIcx) 14 (1 +TIcx)
. PP +1 _ 41
2 2
I((l—i—lcx)z_l) 3
1d? bzncsgn 62)((21-’_ L )2 arctan(cx)2
+Icx
1+ —FF"—
+ GEaka +Id2ab1n(cx) In(1 +1Icx) —Idzabln(cx) In(1 —TIcx) —dzabarctan(cx) A

2



1( (1 +1cx)? _1]

2
Idzbzncsgn[l [ (A Alex)” IJ]csgn I 5~ | csgn A+ 1 3 arctan(cx)?
A+ (1 +1cx) (1 +1cx)
1+ —c2x2 1+ —szz
+21d* b arctan(cx)? cx + > +1 +1
2
dzbzpolylog[3, —(162;&) — )
_ 5 +1 + 3d°b ar;tan(cx) +2d2b2polylog[3, _AAlex +2d2b2polylog[3, _dAlex —i—dzbzln[l
VP +1 VP +1
(1 +1cx)? 1(1+1cx) I(1+1cx)

+ 4 4% b* dilog| 1 +
AP +1 ] (

J+4d2b2dilog(l — ]+d2a21n(cx)

Ny Ny

Problem 25: Result more than twice size of optimal antiderivative.
J (d +1cdx)? (a +barctan(cx))?
x2

dx

Optimal (type 4, 302 leaves, 17 steps):

2 2
2lcd? (a +barctan(cx))2— d”(a +barctan(cx) ) —czclzx(a+barctan(cx))2—4ch2 (a +barctan(cx))2arctanh[—l + %J —2bed (a
X cx
+ barctan(cx) ) In 2 +2bcd? (a+barctan(cx) ) In 21— —2 ) _1nedpolylog( 2, -1 + —2— | — 1R cd?
polylog| 2, -1 + 156° cd” polylog| 2, 1
I +Icx 1 —TIecx 1 —1Icx

- #) +2bcd? (a + barctan(cx)) polylog(Z, 1 - #) —2bcd? (a +barctan(cx)) polylog(Z, -1+ #) —Ibzcdzpolylog(3,1
1 +1cx 1 +1cx 1 +1cx
2 ) 2
— ——— | +1b“cd*polylog| 3, -1 + ———
1+ch) ¢ poyog( 1+ch)
Result (type ?, 11958 leaves): Display of huge result suppressed!
Problem 26: Result more than twice size of optimal antiderivative.
J(d+chx)3(a+barctan(cx))2 @
4
X
Optimal (type 4, 391 leaves, 28 steps):
2
Ib2c3d3poly10g(3 1 - —)
2 3 2 353 3 >

b Ad _ b°cd’arctan(cx)  bcd’ (a +barctan(cx) ) AP (a+barctan(cx))Zarctanh(—l n 2 n 1 +1cx

3x 3 32 1 +1Icx 2

_ & (a+barctan(cx))? 312 PIn(FFP +1) N 32d (a+barctan(cx))?  31bPd° (a +barctan(cx)) N 1113 & (a + barctan(cx) )?

30 2 X X 6
2068 d3 (a +barctan(cx) ) 1n(2 — 7 _21 ) Ib2c3d3polylog(3, -1+ %)
+312 3 P In(x) — 3 ex/ - 5 XL _bpAP (a+barctan(cx))p01ylog(2,1



2
1+1Icx

Result (type 4, 1813 leaves):

) +bl & (a + barctan(cx) ) polylog(Z, -1+

1016°3 & polylog(z, -1+

2
1 —1Icx ) B 3lcd? (a + barctan(cx) )2

2
1-I—ch]+ 3

2%

2 2
, I[ (iz—)lc—zlcx) _1]
c*”aﬁbzncsgn[l(M —l]jcsgn +1 3 arctan(cx)?
AP +1 1+(1+ch)
3 A A +1
d’abdilog(1 +1 -
¢ d’ abdilog( cx) 7
I( (1+ch)2 _1] 2
S mesgn ! 5 | csgn e +1 5 arctan(cx)2
1+ (1 +TIcx) 1+ (1 +1Icx)
_ AP+ A +1
2
(1+Icx)? 2 I[(1+ch)2_1]
Sd b2ncsgn <X +1 3 csgn < +1 3 arctan(cx)?
1+ (1 +TIcx) 1+ (1 +Tcx)
_ A +1 A +1
2
(1+ch)2_1 I((I+ch)2_1]
Sd bzncsgn e +1 5 | csgn e +1 5 arctan(cx)?
(1 +TIcx) (1 +1Icx)
1+ —szz 1+ —szz 3
+ +1 > +1 _ 3led ab;rctan(cx) —2Ic3d3abarctan(cx) In(cx)
372 312 2 3 3 2 3 1312 2
_cd’b z;r)c;an(cx) 3P b arctan(cx)®  2d ab;lr);tan(cx) _ 3120an +3Ic3d3b21n[1 4 1 +Tcx n 111c°d° b 6arctan(cx)
X JE2 +1
2
| +1 Icsd3b2p01ylog(3’_%] | +1 | +1
+31EP P In| ———— —1| + — 213 & b polylog| 3, ————— | =21 & b polylog| 3, - —————
5 polylog polylog
VP +1 VP +1 Ax+1
2018 B B dilog[ —F1EX ) 20183 & B2 dilog[ 1 + —FLeX 20 & & b2 arctan (¢ x) In 1+w)
Jl2+1 Jl2+1 1P P In(ex) - cdab AP +1
3 3 32 3
2
2848 bzarctan(cx)polylog 2, S AAlex -2 bzarctan(cx)polylog 2, tlex +3d bzarctan(cx)polylog(2, ~dAlen)”
Ny [Z2+1 ¢ +1




N 10EPabin(EP+1)  208dabin(cx) | SdP b rarctan(cx)?  dPd? + 38 a* & bParctan(cx)?

— A& abdilog(1 —Icx) +
g 3 3 2 30 x 30
I( (1+ch)2 _1]
2
c3d3b2ncsgn[l[w—l]]csgn I 5~ | csgn < +1 3 arctan(cx)?
A+ |4 (L+lex) |4 (LFTex)
4 8b203d3arctan(cx) i AP +1 AR +1
3 2
(1+ch)2_1 3 I[(1+ICX)2_IJ :
Sd bzncsgn GEaka 3 arctan(cx)2 cd bzncsgn ekl 3 arctan(cx)2
L+ (1 +1Icx) 1+ (1 +1Icx)
4 662d3abarctan(cx) i AP+ 1 I AP +1
X 2 2
(1 +ch)2 _ 2
cd bzncsgn X +1 3 arctan(cx)2
(1 +TIcx)
t A +1 1 +1cx)?
- : + +Ic3d3b2arctan(cx)2ln((czi_2—cxl) - 1] + AP abln(ex) In(1 +1ex) —AdPabln(ex) In(1
+

3 5312 312 |/
—1Icx) —Ic3d3b2arctan(cx)2ln(1 — ﬂ] —103d3bzarctan(cx)2ln(cx) — Ied b e 11 + Ied b e+

JE2+1 3(1cx— c2x2+1+1) 3(1+1cx+ 62x2+1)
312 2 312 3
_ 3led®Parctan(cx)? 31 Parctan(cx) 31 dPab 318 & abarctan(cx) —Ic3d3b2arctan(cx)2ln(1 L _ltlex ]
24 x x JZZ+1

Problem 27: Result more than twice size of optimal antiderivative.

J (d +1cdx)® (a+barctan(ex))?

X

Optimal (type 4, 271 leaves, 20 steps):

_ b & _ 10> d° bed (a +barctan(cx)) 1b? & (a +barctan(cx) ) 163 P (a +barctan(cx) )

-1 ¢ arctan(cx) — +
1247 x 6x° e 2x
3 4 2 2 43 2 4 3
& (1 +1cx)* (a +barctan(cx)) 4labt P n(x) - 1152 d® In(x) —4Ibc4d3(a+barctan(cx))1n( 2 J+ NP (A2 +1)
44 3 1 —1Icx 6
+202 P polylog(2, —Icx) 20 polylog(2,Icx) 202 P polylog(2, 1 - 1 21 j
—Icex

Result (type 4, 756 leaves):
a1 dab _ edab | 3L Parctan(ex)? | N2 EPI(EP 1) | T dabarctan(ex)

+2 P b In(ex) In(1 +1ex)
4x* 2x 6 22 6 2




2@ P In(ex) In(1 —Iex) + AP b In(ex —1) 1n(—% (cx+1)) — AP m(ex—1) In(EP +1) =P B In(ex +1) 1n(% (cx—I))
3 1312 342 3 3 2 313 2 3
+c4d3b21n(cx+l)ln(52x2+l) i 7c d’ b”arctan(cx)  cd’b”arctan(cx) d abarct:m(cx) _lcd’a i Icd”a”  2lcd abarctan(cx)
2x 6 2x P X X
3 3 2 3 3 2 312 2 4 5342 2
L 21 P abarctan(ex) _ p2Ed | 3P4 &b arcta4n(cx) L 1¢'& b arctan(cx) —c4d3b2di1og(l (cx_l)) +c4d3b2di1og(-l (cx
X 122 22 4x 4 2 2
4 1352 4 5312 _1\2 4 32 2 3
+I)) _11cd l;) In(cx) e d’ b 1n2(cx n- cdb ln2(cx+I) +2c4d3b2dilog(1 +lex) —204d3b2di10g(1 —Tex) + 32d ab;rctan(cx)
3 1332 2 3
yledbrarctan(ex)” | o148, p1n(A2 +1) 41t P abln(ex) +21¢ d barctan(cx) In(E2 + 1) — 41c* @ b arctan (ex) In(ex) — I‘sz"b
X
342 2 342 2353
_ Iedb a;ctan(cx) A ;ctan(cx) 1K Pd 18 P arctan(ex)
X

Problem 28: Result more than twice size of optimal antiderivative.

J (a + barctan(cx) )2 dr
2 (d+1cdx)

Optimal (type 4, 175 leaves, 8 steps):

2 5 2
2b + barct In|2 — ———— I + b arct: In|2 — ———
_le(a+barctan(cx))? _ (a+barctan(cx))? | ¢ (a+barctan(cx)) n( l—ch) ela arctan(cx) ) n( 1+ch)
d dx d d
) 2 2 ) 2
15” cpolylog| 2, -1 + ———— bc (a + barctan(cx) ) polylog| 2, -1 + ——— 1b” cpolylog| 3, -1 + ————
_ 1 —1TIcx I I +Icex ) 1 +1cx
d d 2d

Result (type ?, 9234 leaves): Display of huge result suppressed!

Problem 29: Result more than twice size of optimal antiderivative.

J (a + barctan(cx) )2 dr
X (d+Tcdx)

Optimal (type 4, 257 leaves, 17 steps):
_bc(a+barctan(cx)) 3c2(a+barctan(cx))2 _ (a +barctan(cx))2 i Ic(a +barctan(cx))2 n bzczln(x) _ 13262111((;2)84_1)

dx 2d 2dx* dx d 2d

21b ¢ (a + barctan(cx) ) ln(Z - L) & (a + barctan(cx) )2ln(2 - #) bzczpolylog(2, -1+ #)
_ 1 —1Icx _ 1 +Icx _ 1 —1Icx

d d d
2 ) 2

I lylog| 2, -1 + —=— Iyl 14—

- b (a +barctan(cx))poyog( , -1+ 1+ch) B b £2p0y0g(3, + 1+ch]
d 2d

Result (type ?, 2220 leaves): Display of huge result suppressed!



Problem 30: Result more than twice size of optimal antiderivative.
J (a + barctan(cx) )2

dx
M (d+1cdx)

Optimal (type 4, 332 leaves, 26 steps):

B b2 &2 B b203arctan(cx) __ bc(a+barctan(cx) ) 1bc? (a + barctan(cx) ) 11 (a—l—barctan(cx))2 (a —l—barctan(cx))2

+ + —
3dx 3d 3d2 dx 6d 3die
2
8b¢ (a + barct Inf2 — ————
n Ic(a —I—barctan(wc))2 n & (a + barctan(cx) )? B 15% 3 In(x) " 12 m(EP+1) B ¢ (a arctan(cx) ) n( 1—ch)
2d3P dx d 2d 3d
1 (a + barctan(cx) )2ln(2 - #) 4Ib263p01ylog(2, -1+ 2 J b (a + barctan(cx) ) polylog(2, -1+ #)
n 1 +1cx I 1 —Iex ) 1 +1cx
d 3d d
Ibzc3polylog(3, -1 +#)
i 1 +1cx
2d
Result (type ?, 2379 leaves): Display of huge result suppressed!
Problem 31: Result more than twice size of optimal antiderivative.
sz(a + barctan(cx) )2
(d +1cdx)?
Optimal (type 4, 273 leaves, 26 steps):
157 13 b? 13 b%arctan(cx) |, b (a+barctan(cx)) | 71b (a+barctan(cx)) 71 (a + barctan(cx))?
) 3 2 33 B 3 + 33 2 T 33 B 3
163 d (-ex+1) 163 d (-ex+1) 16 d 43 (-ex+1) 43 d (-ex+1) 83 d
2 2
I (a+ barct 2In[| —=— b (a + barct lylog| 2,1 — —=—
I(a+barctan(cx))® 2 (a+barctan(cx))? |4 T Pactn(ex)) n(l—i—lcx) N (a aman(cx))poyog( 1+ch)
28d (~ex+1)? Sd (-ex+1) Sd Sd
2
15% polylog| 3,1 — —=—
_ poyog( 1+ch)
238
Result (type 4, 1275 leaves):
2 2
bzncsgn[MJcsgn (1 +Tlcx) 5 csgn I 3 arctan(cx)2
AP +1 (1+1Icx) (1+1Icx)
(@2 +1) [14 LFLex)” |4 A tlen)” ) i
AR +1 AR +1 _a“arctan(cx) 2a
288 d cd (ecx—=1)
I
bl 1) In| -= +1
3b? 2b2arctan(cx)3 4abarctan(cx) bzarctan(cx)x2 . 3b2arctan(cx)x abn(ex—1) n( 2 (ex ))

Ad (8ex—81) 3P Ed (ex—1) 16¢d® (cx—1)2 42d (ex—1) d



1h*arctan(cx)?In(ex —1) 152

_ 71b? arctan(cx)2 b? arctan(cx)

b? arctan(cx) polylog[ 2, -

(1 —i—ch)2 ]
Ax+1

P

abdilog[ —% (cx+I)J

643 d> (cx—1)2

8 3 163d (ex—1)2

el &

N 3 b*x _abln(cx—1)2 | Tabln(c*¥* +102%% 49) ab _ Tabln(fXP +1)
cd 3228 (ex—1)2 2848 R3P 43P (cx—1)? 168 &
1 +1Icx)?
Ibzpolylog[”&, —(—J
4 bznarctan(cx)2 Iazln(c2x2+ 1) 14° _ AP A+1 I 2172arctar1(cx)2
Sd 284 28d (ex—1)? 28d° Sd(ex—T1)
2 3 2 2
bzncsgn (1 +Ic};)1 | )2 alrctaln(cx)2 bzncsgn (1 +Ic};)1 | )2 alrctaln(cx)2
+Icx +Icx
(c2x2+1)(1+—] (c2x2+1)(1+—]
B A +1 A +1 3157 x
2804 cd Ad (8cx—8I)
21(1 +1cx)? 1 7
Ibzarctan(cx)zln[—J 71a b arct (_ 334+ L J
4 1% %% Ibzarctan(cx)2 _ 3Ibzarctan(cx) _ AP +1 _ @ barcan 6 ¢ 6 o
64cd3(cx—l)2 203d3(cx—1)2 4c3d3(cx—I) cd 168 d°
7Iabarctan(ﬂ) 7Iabarctan(ﬂ - l)
4 2 _ 2 2 ) Tlabarctan(cx) Tlab Ta b arctan(cx)
168 d° 8 d3 8 d3 43P (ex—=1) Sd (cx—I)2
2 2
bzncsgn ( —l—Icyz)l Tex)? csgn (II Len)? arctan(cx)?
+1Icx +1Icx
(c2x2+1)(1+—] |4 A Hlen)”
N A +1 A +1
2848
2
bzncsgn (1+—ch)2]csgn (1 +lex)® arctan(cx)?
AP +1 (1 +1cx)?
(@2 +1) 14 LELex) .
+ abarctan(cx) In(cx — arctan(cx) x
_ A +1 L 2lab (cx)In(ex—1)  Ib (cx)
288 cd 82 (cx—I)2
Problem 32: Result more than twice size of optimal antiderivative.

355 leaves,
1967 ¢

Optimal (type 4,
15 ¢

36 steps):

19 bzcarctan(cx)

J (a + barctan(cx) )2
2 (d+1Icdx)?

bc(a+barctan(cx))  91bc(a + barctan(cx) )

i Ic (a + barctan(cx) )2

164 (-ex+1)% 164 (-ex+1) 1643

4d (-ex+1)? 443 (-ex+1)

8



2
61 + b arct Zarctanh| -1 + —=——
_ (a —i—barctan(cx))2 " Ic(a—i—barctan(cx))2 2c¢(a —H)arctan(cx))2 ¢(a arctan(ex) ) arctan ( )

1 +1cx
& x 2d (-ex+1)? &P (-ex+1) >
31c(a +barctan(cx))21n(#) 2bc(a+barctan(cx))ln(2—#J Ibcholylog(z,—l+#)
_ 1 +1cx n 1 —Iex ) 1 —TIcx
& & &
3bc(a+barctan(cx)) polylog(2, -1+ #) 3Ib2cp01ylog(3, -1+ #J
n 1 +Icex ) 1 +1Icx
& 2d°
Result (type ?, 9658 leaves): Display of huge result suppressed!
Problem 33: Result more than twice size of optimal antiderivative.
J(a +barctan(cx))2 dr
(1+1Icx)?
Optimal (type 3, 177 leaves, 18 steps):
i b? 4 515 4 11 5% _ 11b%arctan(cx) _ Ib (a+barctan(cx)) b (a+barctan(cx)) | Ib (a+barctan(cx))
54c(—cx+I)3 144c(—cx+I)2 144 ¢ (-cx+1) 144 ¢ 9c(—cx+I)3 12c(—cx+I)2 12¢ (-cx +1)
_I(a -I—barctan(cx))2 n I(a —l—barctan(cx))2
24c¢ 3c(1 +ch)3
Result (type 3, 403 leaves):
1h*arctan(cx)?  labarctan(cx) 115 _1pn(ex=1? _ 10%In(ex+1)? _ pPIn(ex—1) arctan(cx) | b*arctan(cx) In(ex +1)
3¢ (1 +ch)3 12¢ 144c (cx—1) 96 ¢ 96 ¢ 24 ¢ 24 ¢
I
s 1d L lab _ lab 1% Inex —1) 1“(“5 (Cx“)) | 1P arctan(ex) b
144c(cx—1)2  3c(14+Icx)®  9c(ex—1)3 12c(ex—1) 48c

9c(cx—l)3 54c(cx—I)3
I I I

1hIn| -— (- 1) |1 I 152 In| -— ) |In| -— (- I
_ llbzarctan(cx) _ bzarctan(cx) 4 b n( 2 (mex+ )J n(ex+1) b n( 2 (ex+ )) n( 2 (ex+ ))

ab
144 ¢ 12¢ (cx —1)? 48c 48 ¢ 12¢ (cx —1)?
2labarctan(cx) Ibzarctan(cx)
3c(1+ch)3 12¢ (ex —1T)
Problem 34: Result more than twice size of optimal antiderivative.
arctan(a)c)2 dr
cx—lacx?
Optimal (type 4, 70 leaves, 4 steps):
arctan(ax)’In| 2 — 2z larctan(a x) polylog| 2, -1 + 2z polylog| 3, -1 + 2z
1 —Tlax ) 1 —Tax I 1 —Tax
c

c 2c¢



Result (type 4, 182 leaves):

arctan(ax)?In| 1 + MJ 2 larctan(ax) polylog(Z, —M] 2polylog[3, (1 Alax J arctan(ax)zlrl[1 _ Ldlax
NEXES Jea+1 ) JEa+1 ) NErEn
C C c

c
ZIamum(ax)pmybg[z’_J_ilfﬁ;_] 2pdybg[3,—l¥tl££—
— \/x2a2+1 n I2ad% +1

Cc C

Problem 35: Result more than twice size of optimal antiderivative.

J(d+chx)3 (a + barctan(cx) )3 dx
Optimal (type 4, 350 leaves, 26 steps):

1152 (a + barctan(cx) ) ln( #) 6152 d (a + barctan(cx) ) polylog(z, - #]
) 1 +1cx I —TIcx 33
“3ab’d’x — - — 3 b7 d’ xarctan(cx)
C C
L1632 (atbarctan(ex))? | Tbd (a+barctan(cx))? 16 darctan(cx) | 3bed’a (a+barctan(ex) )?
4 c 4c 2
2
6bd> (a + barct 2In| —=—
_ 1% cd® X (a +barctan(cx)) 14 (1 +ch)4 (a +barctan(cx))3 4 (a arctan(cx) ) n( l—ch) n 103 & x
4 4c c 4
11b3d3polylog(2 - #) 3b3d3polylog(3 - #j
N 3P (AP +1)  211bdx (a +barctan(cx) )? 4 ’ L+lex) ’ 1 —1Icx
2¢ 4 2¢

c
Result (type ?, 2003 leaves): Display of huge result suppressed!

Problem 36: Result more than twice size of optimal antiderivative.

J.(d+chx) (a + barctan(cx) )3 dx
Optimal (type 4, 200 leaves, 11 steps):

2
3bd (a + barct 2In| ——
3bd (a +barctan(cx))?  31bdx (a +barctan(cx))?  1d (1 +1cx)? (a +barctan(cx))> (a +barctan(cx) ) n( )

1 —1Icx
+
2¢ 2 2¢ c
2 2 5 2 3 2
31b°d (a + barctan(cx) ) In| ——— 31b°d (a + barctan(cx) ) polylog| 2,1 — ———— 3b° dpolylog| 2,1 — ————
1 +1Icx 1 —1Icx 1 +1Icx
- - +
c c 2¢
3 2
3b° dpolylog| 3,1 — —————
i 1 —Icx

2¢
Result (type ?, 7450 leaves): Display of huge result suppressed!




Problem 37: Result more than twice size of optimal antiderivative.

J(a +barctan(cx))3 dr
(d+1Icdx)?

Optimal (type 3, 161 leaves, 11 steps):

B 3183 n 3Ib3arctan(cx) I 32 (a+barctan(cx))  3b(a —i—barctan(cx))2 " 31b (a -I—barctan(cx))2 _I(a +barctan(cx))3
4cd2(—cx+I) 4ed? 20d2(—cx+I) 4cd 20d2(—cx+l) 2cd

I (a + barctan(cx) )3
cd? (I +1Icx)
Result (type 3, 550 leaves):

3153 arctan(cx) x 3Iab21n(cx—1)2 _ b arctan(cx)3 _ 3b3xarc’[an(cx)2 i 3Ia2barctan(cx) _ 3 arctan(cx)

_ 153 arctan(cx)3x

4d% (ex—1) 8cd? 2¢d* (ex—1) 44 (ex—1) cd® (1 +1cx) 4ed* (ex—1) 24 (ex—1)

13 B 3Ia2barctar1(cx) . 3Iab2arctan(cx) . 3ab21n(cx—I) arctan(cx) 153 arctan(cx)3 " 3ab2arctan(cx) In(cx +1)
cd2(1 +1Icx) 2cd? cdz(cx—l) 2cd cd2(1+ch) 2cd
3lab?arctan(cx)? 310 arctan(cx)? 3ab? _ 3ab*arctan(cx)  3lab’ln(ex+1)>  31d°h

cd2(1+ch) 4cd2(cx—I) 20d2(cx—l) 2cd? 8cd? 2cd2(cx—I)
3Iab21n(—%(—cx—i—I))ln(cx—i—I) 3Iab21n(—%(—cx-l—l))ln(—%(cx—i—l)] N 3Iab21n(cx—I)ln[—%(cx-i—I))
_|_ —
4cd? 4cd? 4cd2(cx—I) 4cd?
Problem 38: Result more than twice size of optimal antiderivative.
J(a +barctan(cx))3 dr
(d +1cdx)?

Optimal (type 3, 316 leaves, 42 steps):

15 1953 851b° 851b°arctan(cx) b2 (a—l—barctan(cx)) 51b° (a+barctan(cx))

3 2 + B +

108 cd* (-cx +1) 576 cd* (-cx +1) 576 cd* (-cx +1) 576 cd* 18cd* (-ex+1)3 48cd* (-ex+1)?

N 115* (a +barctan(cx))  11b (a +barctan(cx))? Ib(a+barctan(cx))2 b(a—i—barctan(cx))z N 1b (a + barctan(cx) )?

480d4 -cx +1) 96 cd* 6cd4 cx+I 8cd4 cx+I 80d4 -cx +1)

I (a + barctan(cx) )3 I (a + barctan(cx) )3
+ 3
24 cd* 3cd4(l+lcx)
Result (type 3, 880 leaves):

Iczb3arctan (cx) 3x3 7ch3x2arctar1(cx)2 8512 1° arctan(cx)x3 B Iabzarctan(cx)

Iabzln(—% (-cx+1))ln(—% (cx+I))

244 (ex—1)3 32d* (ex—1)3 576 d* (cx —1)° 4ed* (ex—1) 16cd*

1 I
lab?In| -— (- 1) |1 I lab?1 —I)In| -— I
n ab n( 2 (ex+ )) n(ex+1) Iabzarctan(cx) ab”In(ex=1) n( 2 (ex+ )) Iabzarctan(cx)2

1a*b arctan(cx)

16cd* 3ed* (ex—1)3 16 cd* cd* (1 +1cx)3

cd (1 +ch)3



b 11ab? ab? 11 a b? arctan(cx) b3 arctan(cx)?> 139 b2 arctan(cx) b xarctan(cx)?

8cd* (cx—1)2  48cd* (ex—1)  18cd* (cx—1)3 48 cd* 2dcd* (ex—1)°  576cd* (ex—1)°  32d* (ex—1)3
i 14 . 41103 29Ib3arctan(cx)2 15 arctan(cx)3 851ch 2 B cb? arctan(cx) 3x2
3ed (1 +1ex)®  216cd (ex—1)3 9% cd (cx—1)° 3edt (1 +1ex)? 5764 (ex—1)3 8d* (ex—1)3
11 02173)c:’arctan(cx)2 41cb’ arctan(cx) X ab? In(cx — 1) arctan(cx) ab? arctan(cx) In(cx + 1) ab? arctan(cx) 153 arctan(cx)3x
- - + —_
96d4(cx—1)3 1926:’4((:x—l)3 Sced* Scdt 4ca’4(cx—1)2 86:’4(cx—I)3
23Ib3arctan(cx)x _ Iazbarctan(cx) 1a*b 1a*b . Iabzln(cx+l)2 51ab? _ Iabzln(cx—l)2
192d* (cx—1)3 8cd* 6ed (cx—1)°  Sed (ex—1) 32cd 48 cd* (cx —1)? 32cdt
216 x
64d* (cx—1)3

Problem 39: Result more than twice size of optimal antiderivative.
J (a + barctan(cx) )3 &
2 (d+1cdx)

Optimal (type 4, 244 leaves, 10 steps):

2 2
3bc(a+barct 2In[2 - —5— Ic(a+barct 3Inf2 - —=—
_Ic(a + barctan(cx) )3 _ (a+barctan(cx) )3 i ¢(a arctan(cx) ) n( 1 —1Icx ) _ ¢(a arctan(cx) ) n( 1 +1Icx )
d dx d d
3Ibzc(a—I—barctan(cx))polylog(Z,—1—i-#) 3bc(a—l—barctan(cx))zpolylog(Z,—1+#) 3b3cpolylog(3,—1+L)
_ 1 —1Icx 1 +1Icx i 1 —1Icx
d 2d 2d
31b%c (a + barctan(cx)) polylog(3, -1+ ﬁ) 3b3cp01ylog(4, -1+ ﬁ)

2d B 4d
Result (type ?, 11232 leaves): Display of huge result suppressed!

Problem 41: Result more than twice size of optimal antiderivative.

sz (a + barctan(cx) )2 &

ex+d

Optimal (type 4, 405 leaves, 14 steps):
abx bzxarctan(cx) _ 1d (a + barctan(cx) )2 4 (a + barctan(cx) )2 dx (a + barctan(cx) )2 I X (a + barctan(cx) )2

ce ce & 22 2 2e
i dz(a—l—barctan(cx))zln(ﬁJ i 2bd(a+barctan(cx))ln(ﬁ} dz(a—l—barctan(cx))zln( (Cdicl(e‘;x(T‘i)ch) )
e cé® A
1bd* (a + barctan(cx) ) polylo (2 1 - LJ 1b% d polylo (2 - —2 )
P In(?x% +1) POYIog| = 1 —Icx Poylog| = 1 +1cx

e, T E - o2



2c¢(ex+d)
(cd+1e) (1 —1Icx)
& 26
2c(ex+d)
(cd+1Te) (1 —1Icx) )
26

Result (type 4, 1783 leaves):

1bd? (a + barctan(cx) ) polylog(Z, 1 -

) b* d? polylog(3, 1 - 2 )
B 1 —Icx

b d? polylog( 3,1 —

_|_

B b? arctan(cx)zdx 4 abarctan(cx)x2 i 142 arctan(cx) abarctan(cx) b? arctan(cx)zdzln(cxe+cd)
& e Fe Fe &
Ie(1+1Icx)? (1+1cx)%cd ) (1 +1cx)?
bzdzarctan(cx)zln[— + +le+cd P In| 1 + ———1
_ AP 41 A +1 _abd  abx _ bzxarctan(cx) _ a?dx _ AP 41
e cé ce ce & Fe
1+ch)2
bzdzpolylog(l —(—J
b2 arctan(cx)? b? arctan(cx)? x> AP A+1 P d*In(cxe+cd) a? ¥
+ + - + +
22¢ 2e 26 & 2e
le—cd) (1 —l—ch)2 le — le +
cb2d3arctan(cx)2ln[1— ( labd®1 d) 1 (M) Labd*1 d) 1 (ﬂ)
(cd+1e) (PP +1) ¢ n(cxe+ed) ln cd+le ¢ a(cxeted)ln le—cd
+ + —
e3(—Ie-I—cd) & &
2 2 3
I(_Ie(l—i—lcx) n (1 +Tcx)“cd tletcd
2D A +1 A +1 2
B ) 15 d“ mesgn —p 3 arctan(cx)
Ibzdzarctan(cx)zln(l _ (Te—cd) (1 +1cx) ] j 4 (LA Tex)?
B (cd+1e) (PP +1) N AP +1

& (-le+cd) 26
(Ie—cd) (1 +1cx)?

(cd+1e) (PP +1) ]

es(—Ie+cd)

Lcb? & arctan(cx) polylog[ 2,

_Ie(1+ch)2 (1+1cx)%cd 2

+Ie+cdj

I[
2 2
Ibzdzncsgn[l ( - Ieizlx—;iclx) “;;ci)lcd +Ie+cd] ] csgn GEaha! 1 a :i:i;l arctan(cx)2
+—
A +1

26



2

I(_Ie(l+lcx)2 n (1+ch)2cd +Ie+cd)

20 A +1 AP +1 I )

16 d“ mesgn 5 csgn 5 arctan(cx)
1+ (1 +Tcx) 1+ (1 +TIcx)

- e+ 1 e +1 +L Ibzdzncsgn(l(

28 28

2 2
[_Ie(1+ch) i (1 +Tcx)“cd +Ie+cd]
le(1+1Iex)® | (1+Icx)’ed A2 +1 AR+ I )
- + +1Ie+cd| |csgn 5 csgn 3 arctan(cx)
AP +1 AP +1 P 1)) IR 1))
A +1 A +1

I(1+TIcx)

Nrera

+
1+ch2]

Ie+cxe) ZIbzddilog 1+ 10 +Tex)

2 q:
tabf stog YT ) ezan
e cé
(ITe— l+ch
(cd+Ie czxz—i-
& (-le+cd) e

> I(1+1Icx) I(1 +1Icx)
Iabdzdilog( Ie—cxe) 2 b“darctan(cx) In S S
cd+le ) JEd+1 ) JexP+1 ) | 1b’darctan(cx)?
e cé cé ce
(e —cd) (1 +1cx)? 12 11[3(n—cm(1+um2
(cd+1e) (czxz—i-l) ] abdln(czdz—Ecd(cxe—i-cd) +(cxe+cd)2+ez) _ PO\ = (cd +1e) (c2x2+1)

+
2e3(—Ie+cd) cé 262(—Ie+cd)

2Ib2ddﬂog[1 -
2 a b arctan(cx) d In(cxe +cd)

é

b? d? arctan(cx) polylog[ 2,
AP +1

] 1b% d? arctan(cx) polylog[ 2, -
2abarctan(cx) dx

1+

2 bzdarctan(cx) 1n[ 1 -
+

cb?d polylog[ 3,

_|_

Problem 42: Result more than twice size of optimal antiderivative.
(a + barctan(cx) )2
X (ex+d)

Optimal (type 4, 555 leaves, 21 steps):

2
1h¢&* (a + barct lylog| 2,1 —
_bc(a+barctan(cx)) A (a+barctan(cx))> (a mcan(cx))poyOg( ’ 1-+ch) (a+barctan(cx))? | e (a+barctan(cx))?

dx 2d B Pz B 2d2 Px

~ 2& (a +barctan(cx))zarctanh(— +ﬁ) . B2 2 1n(x) .

& d &

5 2¢ (ex+d) — 2
ez(a + barctan(cx) ) ln( (cd+1e) (I —Tcx) ) B bzczln(6'2x2+1) 2bce(a +barctan(cx))ln(2 l—ch)

d3 2d dz

& (a + barctan(cx) )Zln( 1 —2ch )




2c¢c(ex+d)

1bé (a +barctan(cx))polylog(2,l - ) 1bé (a +barctan(cx))polylog(2,—1 +#)

(cd+1Te) (1 —1Icx) 1 +1Icx
+ p + 7
1% cepolylog[ 2, -1 + —2— 1b& (a+b lylog(2,1 — —2—
5 polylog| 2, (a arctan(cx) ) polylog| 2,
n Ice(a+ barctan(cx)) n 1 —TIcx ) 1 —1Icx
a? a? &
2 2 2 2 2 2
b ezpolylog 3,1 — —— b ezpolylog 3,1 — —— b ezpolylog 3, -1+ —
n 1 —Iex ) 1 +1cx I 1 +1Icx
2d° 2d 2d

bzezpolylog(3,1— 2c(extd) )

(cd+1e) (1 —1Icx)
2d°
Result (type ?, 2860 leaves): Display of huge result suppressed!

Problem 50: Result more than twice size of optimal antiderivative.

J arctan(ax) dr
X (azcx2 +c)2

Optimal (type 4, 142 leaves, 15 steps):

2
2 a? arct In[2 - —=——
_a @ x B azarctan(ax) _arctan(ax) azarctan(ax) Iazarctan(ax)2 B a” arctan(ax) n( 1—Iax)
22x 4 (Pd+1) 4¢ 225 22 (Pa*+1) & &
Iazpolylog 2, -1+ L)
1 —Tax
+
6'2
Result (type 4, 340 leaves):
21d° polylog[2, s CE ]
14? 14 arctan(a x) a’arctan(ax) x a? 1a®x JZat +1 &’ arctan(ax) x a*
— + + + +
24 82 (ax—1) 8 (ax+1) 162 (ax+1) 162 (ax+1) & 82 (ax—1) 16 (ax—1)
2a2arctan(ax) In 1+M)
4 1a? arctan(ax)? _ 1a®x _ a? arctan(a x) __a  arctan(ax) J2a? +1
A 162 (ax—1) e 2%« 222 A
ZIazpolylog{Z, M) 2 a” arctan(a x) ln[l - M)
i J2a? +1 _ J2a? +1 _ Iazarctan(ax)
& A 8 (ax+1)

Problem 54: Result more than twice size of optimal antiderivative.



Jarctan(ax) Ja*e +¢ de

&

Optimal (type 3, 68 leaves, 5 steps):

3 1 a arctanh[ —,azcxz-i-cJ\/?
B (azcx2 +c) arctan(ax) Je _ay > ex 4
3cx 6 6

Result (type 3, 152 leaves):

aAe(ax—1) (ax+1) 1n(M —1]

Errn

Je(ax—T1) (ax+1) (2arctan(ax) a*x* +ax+2arctan(ax))

+
60 6y a*+1
A\c(ax—1) (ax+1) In 1+M
_ J2a +1
6x2d> +1
Problem 66: Result more than twice size of optimal antiderivative.
t
J )c32arcan(a)§)/2 e
(a cx? +c)
Optimal (type 3, 96 leaves, 3 steps):
X X arctan(a x) 2 arctan(a x)

2x
J— + —_
9ac(a2cx2+c)3/2 3020(326’3524‘0)3/2 3PP el +c 3a*PJatex +¢

Result (type 3, 243 leaves):

_ (Barctan(ax) +1) (I a® +32a* —3lax—1)Jc(ax—1) (ax+1])

_ 3 (arctan(ax) +1) (1 +1ax) Je(ax—1) (ax+1)
72 (x2a2+1)2c3a4 8a'c (Pa* +1)
3Jc(ax—1) (ax+1) (-1+1Tax) (arctan(ax) —1) | Jc(ax—1) (ax+1) (IXa> —3x2a®> —3Tlax+1) (-1 +3arctan(ax))
+ +
8a463(x2a2+1)

724* 3 (x4a4+2x2a2+1)

Problem 67: Result more than twice size of optimal antiderivative.

J % arctan(a x)
(azcx2 +c)5 Z

dx

Optimal (type 3, 65 leaves, 4 steps):

_ 1 x3arctan(ax) 1
9a3c(a20x2+0)3 72 30(020962"'0)3 72 33 AVdP el +e




Result (type 3, 239 leaves):
(3arctan(ax) +1) (X =312%a* —3ax+1)Jec(ax—1) (ax+1)

(arctan(ax) +1) (ax—1)Jc(ax—1) (ax+1)

+
72 (xzaz+1)zc3a3 8a303(x2a2+1)
4 Je(ax—1) (ax+1) (ax+1) (arctan(ax) — 1) 4 (-14+3arctan(ax))Jc(ax—1) (ax+1) (a3x3 +3Ix2a2—3ax—1)
8a303(x2a2+1) 72 (x4a4+2x2a2+1)c3a3

Problem 68: Result more than twice size of optimal antiderivative.

arctan(ax)
dx
sz (a20x2 +c)5 /2

Optimal (type 3, 134 leaves, 9 steps):

aarctanh[—‘azcxz-i_c

~ a . azxarctan(ax) . Je _ Sa _ 5a2xarctan(ax) _arctan(ax) e +c
9c(a2cx2+c)3 & 3c(a2cx2+c)3 & ¢ ” 3 ad*ex +c 3V d*ex? +e cx

Result (type 3, 368 leaves):

a (3arctan(ax) +1) (i®xX =312a> —3ax+1)Jc(ax—1) (ax+1) _ Ta(arctan(ax) +1) (ax—1) Je(ax—1) (ax+1)

728 (P +1)* 8 (Fa* +1)
_7yc(ax—1) (ax+1I) (ax+]I) (arctan(ax) —I)a " Je(ax—1) (ax+1) (PP +312a%> —3ax—1) (-1+3arctan(ax)) a
8¢ (x2a2+1) 723 (x4a4+2x2a2+1)
aln 1+M]\/c(ax—l) (ax+1) aln(M—IJ\/c(ax—I) (ax+1)
_arctan(ax) yc (ax—1) (ax +1) J2at +1 J2a* +1

+

Problem 72: Result more than twice size of optimal antiderivative.
J (azcx2 +¢) arctan(ax)2

3 dx

Optimal (type 4, 179 leaves, 15 steps):

2 2 2 2 2
_acarctan(ax)  a“carctan(ax)”  carctan(ax) —2azcarctan(ax)2arctanh(—1 i 2 )+a2cln(x) _a cln(xza +1)
X 2 22 l+Tax 2
) ) acholylog(3, 1 - ﬁ)
—14? carctan(a x) polylog(Z, 1 - m) +14? carctan(a x) polylog(2, -1+ T+ lax ) - > ax
2 2
lylogf 3, -1 + —————
¢ cpoyog( 1+Iax)

_|_

2



Result (type 4, 1166 leaves):

I[ (1 —I—Iax)2

9

2 2
Iazcncsgn I (14_2& — 1] |csgn I 5 | csen Pal +1 3 arctan(a x)>
2d+1 |4 (1+1ax) | 4 (1+1ax)
2ad®+1 2a’+1
2
(l—i-Iax)z_1 2 I((l—i—lax)z_lJ
2 x2a2+1 x2a2+1 2
Ia® cmesgn 5 csgn 3 arctan(a x)
1+ (1 +TIax) 1+ (1 +Tax)
_ Pa*+1 Za*+1
(1 +1ax)? 2
2 W Zen |
Iazcncsgn(l [ (14_2& - 1]) csgn a 5 arctan(ax)2
Za?+1 |+ (I +Tax)
_ a4+ 1
2
(l—i-Iax)z_1 I[ (1+Iax)2_1]
2 x2a2+1 x2a2+1 2
Ia® cmesgn 5~ | csgn 3 arctan(a x)
1+ (1 +TIax) 1+ (1 +Tax)
i Pa*+1 Pa*+1
2
I[ (1+Iax)2_1] 2
1d?cmes L 2a’ +1 2
gn 5~ | csgn 5 arctan(a x) )
(1 +Tax) (1 +Tax) 2 (1 +Tax)
1+2— 1+2— a” cpolylog 3,—2—
Za’+1 2a’+1 2 1 +Tax 2a’+1
- + 2 a” cpolylog| 3, >
\/xzaz—l—l
2
+2a2cpolylog 3, oA Alax +a*cln A flax 1] +a’cln| 1+ I +lax _ acarctan(ax) —a CarCtaﬂ(ax)zln((l:ﬂ - 1)
J2d® +1 JX2ad® +1 J2d® +1 o a4+ 1
1 +Tax 1 +Tax azcarctan(ax)2

+ azcarctan(ax)zln( 1 -

_ carctan(a)c)2

242

Nerarey

+ a* carctan(ax)?In

+14? carctan(a x) polylog ( 2, -

1+

Neray

) +a2carctan(ax)21n(ax) —Iazcarctan(ax) -

I[ (l—l-Iax)2 _1] 3
2
Iazcncsgn Ca +1 3 arctan(ax)2
1+ (1 +Tax)
2 2
(1 +Tax) n Pa*+1
Za*+1 2

2



(1 +Ia)c)2 _ (1 +Iax)2 _ 2
2 2
Iazcncsgn ol +1 3 arctan(ax)2 Iazcncsgn Xa +1 5 arctan(a x)?
(1 +Tax) (1 +Tax)
1 LI R R 1+2—
2ad?+1 2a +1 2 1 +Tax
+ > - > —21a“ carctan(ax) polylog| 2, -————
J2a® +1
2 2
— 214’ carctan(ax) polylog[2, I +1ax + la cnar;tan(ax)
\/xzaz—l-l
Problem 74: Result more than twice size of optimal antiderivative.
J(azcx2 —i—c)3arctam(ax)2 &
X

Optimal (type 4, 256 leaves, 38 steps):

294232 i at A _ 11ac3xarctan(ax) _ 7a3c3x3arctan(ax) _ a5c3x5arctan(ax) llc3alrctan(ax)2 " 3azc3xzarctan(ax

180 60 6 18 15 12 2
3a403x4arctan(ax)2 4 a6(:3x6arctam(ax)2 2 ) i 343 ln(xza2 +1)
4 6 1 +lax 45
A polylog(3, 1 - L) A polylog(3, -1+ L)

1 +Tax n 1 +lax
2 2

)2

+

-27 arctan(ax)2 arctanh( -1+ -1 arctan(a x) polylog(Z, 1

- ﬁ) +1J arctan(a x) polylog(Z, -1+ I +2Iax ) -

Result (type 4, 1216 leaves):

3 2 2 3 3
13¢ (1 +Tax) n 11 & arctan(ax) + A arctan(ax) 2 In(ax) — Ilac’ xarctan(ax) 7Ta & x> arctan (a x)
90 2ad®+1 12 6 18

a5c3x5arctan(ax) " 3czzc3x2alrctan(ax)2 " 3a4c3x4alrctan(ax)2 " a603x6arctan(ax)2 294232 4 at A +2c3polylog(3

+ 1 arctan(a x) polylog( 2, -

14+Iax
15 2 4 6 180 60

Neray

(1 +1ax)? (1 +1ax)?

68| 1 + ~———" I polylog[3, ——
[ 2a’+1 ] 2a’+1

- - ) +2c3polylog[3, oA Alax

\/x2a2+1

(1—|—Iax)2
Za+1

1+1Iax

Ny

1+Iax

Ny

45 2

—21¢ arctan(ax) polylog[ 2, -

3 2
—21c3arctan(ax)polylog(2, 1+1ax ] 4 I marctan(ax) 3

> —c arctan(ax)zln[
V2 d®+1

— 1] +J arctan(ax)zln( 1+

(1+Tax)? 2
2 I 2 -1
3 (1 +Tax) Za*+1
I mesgn| 1 5 — 1] [csgn 5
2ad+1 |4 (L+1ax)
n 681c3arctan(ax) . Za?+1
45 2

arctan(a x)?

1+Iax

Nerarey

+J arctan(ax)zln[ 1 -




3 La®+1 2a’+1 2
Ic” mesgn 3 csgn 5 arctan(ax)
|+ (1 +Tax) 14 (1 +Tax)
_ La®+1 2a’+1
2
1[ (1 +Tax)? 1) 2
13 T Ccsgn I csgn Ca +1 arctan(a x) 2
1+ (l—i-Iax)2 1+ (l—i-Iax)2
_ Pa*+1 Za*+1
2
(l-i-Ia)c)z_1 I[ (1+Iax)2_1j (l-i-Ia)c)z_1 3
3 Zat+1 2ad?+1 2 3 2at+1 2
I’ mesgn 5 | csen 3 arctan(ax) Ic” mesgn 3 arctan(ax)
1+ (1 +Tax) |+ (1 +Tax) 1+ (1 +Tax)
Zat+1 2a®+1 2at+1
+ +
2 2
I((1+Iax)2_1) 3 (1+Iax)2_1 2
2 2
Ic31tcsgn Pal +1 3 alrctan(atx)2 Ic3ncsgn Xa +1 5 arctan(a x)?
14 (1 +Tax) 14 (1 +Tax)
i 2a’+1 _ 2a’+1
2 2
I[ (1+Iax)2 1
3 (1 +Iax)2 I 2a®+1 2
Icmesgn| 1| ————— — 1| | csgn csgn arctan(ax)
g g ) 2
Za*+1 1+ (1 +Tax) |+ (1 +Tax)
4 2at+1 2ad?+1
2

Problem 77: Result more than twice size of optimal antiderivative.

)czarctan(ax)2
— 5 dx
e +e
Optimal (type 4, 92 leaves, 7 steps):
2 2
2 arctan In|f —— Ipolylog| 2,1 — ——
Iarc’[an(ax)2 i xarctan(ax)2 _ arctan(ax)3 4 (ax) ( 1+IaxJ 4 POy g( l+IaxJ
e ac 3¢ ae e

Result (type 4, 229 leaves):



Iln(ax—I)ln(— (ax+I))

I
xarctan(a x)? . arctan(a x)> _ arctan(ax) 1n(x2a2+1) n Iln(ax—1)2 n 2 _ IIn(ax—1) 1n(x2a2+1)
ac 3¢ ac 4a°c 2a°¢ 2d¢

. I .
Id1log(—5 (ax+1)) B Iln(ax—i—I)2 B " Iln(ax+I)ln(x2a2+1) B IdﬂOg( (ax—I)J

2d ¢ 43¢ 2d ¢ 2d ¢ @c

| p—

In(ax +1) ln(% (ax—I))

_|_

SIS

Problem 78: Result more than twice size of optimal antiderivative.
J arctan(ax)2
x3 (a2cx2 +c)
Optimal (type 4, 163 leaves, 13 steps):

2 2 2
t Inf2 - ———
_aarctan(ax) a? arctzln(ax)2 arctan(ax)2 142 alrctan(ax)3 " a? In(x) a? 1n(x2a2 +1) a arctan(ax) n( 1 —Tax )

cx 2¢ 2 e 3¢ c 2¢ c

2 J azpolylog(3, -1+ #)

14? arctan (a x) polylog| 2, -1 +
1 —Tax 1 —Tax

+
c 2c¢

Result (type ?, 5490 leaves): Display of huge result suppressed!

Problem 79: Result more than twice size of optimal antiderivative.
J' arctan(ax)2
EEE—Y dx
X (azcx2 +c)
Optimal (type 4, 153 leaves, 8 steps):

D) 2
t Inf2 — ————
B 1 _ _axarctan(ax) arctan(ax)2 i arctan(ax)2 _ Ialrctan(ax)3 +arcan(ax) n( l—Iax)
4 (Pa+1) 22 (Fd>+1) 4c 22 (Pa* +1) 3¢ A
Tarctan(a x) polylog| 2, -1 +# polylog| 3, -1 +L
1 —Tax 1—Tax
- +
A 27
Result (type 4, 1935 leaves):
(1 +1ax)? 3
| 2——1
2 2a®+1
Tarctan(a x)“ mcsgn 5 1 +1ax
| 4 (L+Tax) 2Iarctan(ax)polylog[2,——)
2 2 2
2ad®+1 ax ax larctan(ax)“ J2d? 41

22 162 (ax—1) - 16 (ax +1) 272 e



I[ (1+Iax)2 _IJ 2
5 (1+1Iax)? Za*+1
1 +1 larctan(ax)“mesgn| I ~> 5 — 1] |csgn 5
ZIarctan(ax)polylog(Z,—ax] 2ad®+1 1+ (1 +TIax)
\/xzaz—i—l 2a’+1
é 2¢
2 2
Iarctan(ax)zncsgn I o2 csgn I(1+1lax) T2
(1 +Tax) ] 2 (I +Tax)
14— (P +1) [ 1+
[ 2a*+1 Za*+1
42
2 2
1(1+4TIax)? 1(1+1ax)
Iarctan(ax)zncsgn csgn(— 2 \2
2 2
(x2a2+1) (1 + (1 +Iax)2J P a? +1 Iarctan(ax)zncsgn[M)csgn(l(xlz_k%x))
Pa*+1 " J2a® +1 a”+1
4 22
) I(1+1ax) \? 1(1+1ax)? 2122 2
Tarctan(gx)”mesgn > n 2 +1 Iarctan(ax)zﬂ:csgn I[l +(1+2¢x)] csgn(l[l +%JJ
JPd +1 a B ‘d+1 ‘a+1
47 22
2\2 2 2
Iarctan(ax)zncsgn {1+ (A +lax)” csgn| I 1+ (A +lax)”
2 2
2a’+1 2a®+1
42
(1 +1ax)? 1 . (1 4+Tax)? 4
2 Pa*+1 Za*+1
Tarctan(a x)“ mwesgn csgn
(1 +1ax)? (1 +1ax)?
Pa*+1 Pa*+1 _ Tarctan(ax) ax larctan(a x) ax
27 A (8ax+81) & (8ax—38I)
(1+1ax)? 2 I((l—i—lax)z_l)
2 2
Iarctan(ax)zncsgn a +1 csgn a +1
- (1 +1ax)? - (1 +Tax)?
Pa*+1 Za*+1
27
[((t1an? 2
2 1 Za*+1
Tarctan(a x)“ mwesgn csgn
- (1 +1ax)? - (1 +1ax)?
Pa*+1 Pa*+1 _ arctan(ax)?In(x?a® +1) arctan(ax)>In(ax) arctan(a x)?
27 20 é 22 (Pa* +1)



I((l-+1ax)2__1)

2 2
Iarctan(ax)zncsgn I “tﬂ —1))csgn ! 5 | csgn Pa + 1 3
La®+1 1+ (1 +Tax) 1+ (1 +Tax)
_ Iarctan(ax)3 _ arctan(ax)2 " Za*+1 Za* +1
3¢ 4 2
2 2
Iarctan(ax)zncsgn I csgn I(1+Tax) 3 csgn[%] !
(1 +1Iax)? 5 (1+1ax)? P+ 1 2 polylog| 3 Lalax
I+ - (Pa>+1) |1+ 55 ’ 5
_ 2a’+1 a4+ 1 I J2d? 41
4 &
2 polylog| 3, —M] arctan(ax)zln A Alax arctan(ax)zln 1+ 1 flax arctan(ax)zln[ (1 +Iax)2 _ IJ
JX2a® +1 J2d® 41 J2d® +1 2a’+1
i 2 i 2 i 2 ) 2
arctan(ax)zln 1 - M]
J2d® +1 arctan(ax)2 In(2) arctan(a x) arctan(ax) I 1
+ + - - - +
& & Z(8ax+81) & (8ax—8I) 16 (ax+1) 16 (ax—1)
(1 +Iax)2 _ 2
2
( 2 3 (1 +1ax)? 53 larctan(ax)?mesgn xza(l—i- II 2
I(1+Tax 2 +lax +Ilax
Iarctan(ax)zncsgn —] Tarctan(a x) ncsgn[l(l + —J J 1+ —F
_ Za’+1 n Za’+1 _ 2a’+1
4c 4¢ 2¢
(1+1ax)? 1 3 ;
2 1(1+Iax)?
Tarctan(a x)? mesgn al 5 Tarctan (ax)? mesgn ( ) 2
1+ (l+2Iax) (x2a2+1)[1+ (1+2Iax) ]
4 Za’+1 _ 2a’+1
27 4c

Problem 95: Unable to integrate problem.

J x*arctan(ax)?
(azcx2 +c)5 Z
Optimal (type 4, 436 leaves, 17 steps):
2x° 257 arctan(a x) )c:’arctan(ax)2 22 x 22 arctan(a x) _ xarctan(ax)2

—_ — + J—
ac(@ed +c)? 9de(@Ped+0)” sae(@ed+e)” opd (Tl ie sl @R ve  dd[FeRTe




ZIarctan[ 1 #lax ] arctan(ax)lexza2 +1 2 Tarctan(ax) polylog(2, —L( +lax) ] JZa® +1
_ JPd +1 n J32a® +1

asczwlazcxz—i-c ascleazcxz—i-c
I(l +Tlax) I2ad% +1 2polylog[3,M I2ad? +1 2polylog(3,M) [2a? +1
_ \/x2a2+1 _ \/x2a2+1 " \/x2a2+1

RN ST ve ST re

Result (type 8, 24 leaves):

2 Tarctan(ax) polylog[ 2,

J x4arctan(ax)2
(c120x2 +c)5 /2

Problem 99: Result more than twice size of optimal antiderivative.

sz (a2 cx? +c) arctan(ax)3 dx

Optimal (type 4, 182 leaves, 34 steps):

B cx? n cxarctan(ax) n cx?arctan(ax) . carctan(ax)2 B cxzarctan(ax)2 . 3acx4arctan(ax)2 B 2Icarctan(ax)3 cx?arctan(ax)3
204 10 &2 10 20 a° Sa 20 154° 3
2carctan(ax)21n L) 2 Icarctan(ax) polylog| 2,1 — 2 cpolylog| 3,1 — 2
a? ¢x arctan(a x)> 1+1lax POYIOg] = l1+Tax ) POYIOg] >, 1+lax

_|_ J— —
5 54° 54° 54°

Result (type ?, 2554 leaves): Display of huge result suppressed!

Problem 100: Result more than twice size of optimal antiderivative.
J (a2 ex? + c) arctan(ax)3

3 dx

Optimal (type 4, 273 leaves, 16 steps):

B 3Iazcarctan(ax)2 _ 3acarctan(ax)2 _ azcarctan(ax)3 B carctan(ax)3 —2azcarctan(ax)3arctanh 14 2 +3azcarctan(ax) il 2
2 2x 2 22 1 +lax
2 2 2 2 2 2 2 2
31a” cpolylog| 2, -1 + ———— 31a” carctan(a x)“ polylog| 2,1 — —— 31a” carctan(a x)“ polylog| 2, -1 + ———
_ 2 _ 1 —lax ) 1 +Tax n 1 +Tax
1 —Tax 2 2 2
2 2 b 2 b 2
3 a” carctan(ax) polylog| 3,1 — ——— 3 a” carctan(ax) polylog| 3, -1 + ————— 31a“cpolylog| 4,1 — ——
_ 1 +lax n 1 +lax n 1 +lax
2 2 4

2
31d%cpolylog| 4, -1 + —=—
_ ¢ cpoyog( 1+Iax)

4
Result (type 4, 567 leaves):



2 2

3 3
—3Ia2carctan(ax)zpolylog[Z, 1 +1ax _a carct;n(ax) _ 3acar02tan(ax) _ carctatl(zax) —3Iazcarctan(ax)zpolylog[2, 1 +lax
J32d® +1 . 2 J2d® +1
2
3Ia20polylog[4, —%j )
+3azcarctan(ax) Inf 1+ I +1ax — @ +1 —azcarctan(ax)3ln[1 + (14_2&] —3Iacholylog 2,
2 +1 4 2a?+1
2
3 azcarctan(ax) polylog(3, —%&]
_ I Hlax ] - 2 @ +1 +6Ia2cpolylog(4, M] + a* carctan(ax)’ In| 1 + MJ
JX2d® +1 JX2d® +1 J32d® +1
2
3Ia2carctan(ax)zpolylog[2, —%ﬂj
+ > a+1 +6azcarctan(ax) polylog| 3, A Alax +6Ia2cpolylog 4, o AAlax
2 +1 2 +1
2 2
+a2carctan(ax)3ln(1 _ _Ilax —3Ia20polylog[2, MJ +3a2carctan(ax) ln[l _ _Ilax J _3la car;tan(ax)
J2d®+1 J2d® +1 J2d® +1
1 +lax

+ 6 a® carctan(a x) polylog[ 3, -

Nrrasy

Problem 102: Result more than twice size of optimal antiderivative.

sz (azcx2 —l—c)3arctan(ax)3 dx

Optimal (type 4, 342 leaves, 132 steps):

B 107 & 22 _ ads* _ A _ 47c3xarctan(ax) 2392 5% arctan(ax) i 59a2c3x5arctan(ax) 4 a4c3x7arctan(ax) 4 477 arctan(ax)2
7560 a 1260 504 1260 a2 3780 1260 84 2520 a3
_ 803x2arctar1(ax)2 . 89ac3x4arctan(ax)2 . 10a3c3x6arctar1(ax)2 . aSc3x8arctan(ax)2 _ 16Ic3arctan(ax)3 " c3xgarctar1(ax)3
105a 420 63 24 315 4> 3
23 3 437 3 6 3 3 16c3arctan(ax)2ln(#) 3 5
n 3a* A X arctan(ax) n 3a” ¢ x' arctan(ax) L &c x9arctan(ax) B 1+Tax n 3lc ln(xza +1)
5 7 9 105 & 945 a*
1613 arctan(a x) polylog(z, 1 - #) 83 polylog(3, 1 - L)
_ 1 +lax ) 1 +1lax
105 * 105 *
Result (type 4, 1180 leaves):
4Ic3arctan(ax)2ncsgn I csgn[mtﬂ)csgn L +Iax)2
(14—13—ilfﬁli] cal ] (x2a2+-1)[14-13—i15313
Za*+1 Za*+1

105 &3

|



2\2 3 21\3
410 arctan(ax)*mesgn I[1+(1-|-2¢x)] 4Ic33rctan(ax)2ncsgn[%]
Za*+1 n Zat+1
105 a° 105 *
2 3
41 arctan(ax)? mesgn (1 +Tax) 3 2 )
(1+Iax)2 415 2 I(1+1Tax) I(1+1Tax)
(22 +1) |1+ ¢ arctan(ax)“mesgn| ————— | csgn —x2 5
2 +1 . NErESy o +1
105 &* 105
2\2
8103arctan(ax)2ncsgn 11 +lax) csgn(%]
(221 2a?+1
105 &*
2 2 2
413 arctan(ax)zncsgn[ m)csgn I(1+Tax) 5
Za+1 2 (1 —i—Iax)2
(Ea? +1) [ 14 LT
Za*+1
105 a*
2 2
4Icﬁarctan(ax)21tcsgn I o2 csgn I(1+Tax) T
[1+(1+2Iax) ] (x2a2+1)(1+(1+21ax) J
Za*+1 Pa*+1
105 &*
22 22 2
417 arctan(ax)zncsgn[l [1 + (14_2& J] csgn I[l + “tﬂ] 161 ¢ arctan(a x) polylog[% —“:ﬂ)
Za*+1 Za*+1 " ‘adt+1
105 a® 105 a®
47c3xarctan(ax) 59a263x5arctan(ax) a4c3x7arctan(ax) _ 863x2arctan(ax)2 _ 89ac3x4arctan(ax)2 _ 10a3c:’x6arctan(ax)2
1260 a? 1260 84 105 a 420 63
615(33x8arctan(ax)2 3612(:3x5arctan(ax)3 3a4c3x7arctan(ax)3 a6ch93rc’[an(ax)3 _ 16csln(2)arctan(ax)2
24 5 7 9 105 a°
16c3arctan(ax)21n MJ
J2a® +1 i S@arctan(ax)zln(xza2+1) i 62Ic33rctan(ax) 4 16Ic3arctan(ax)3 _ 107 3 %2 _ adx*
105 &* 105 a* 945 31543 7560 a 1260
1 +1ax)? (1 +Tax)?
623 1| 1 + (LT 1ax)” 8(:3p01y10g(3,——
a0 4 239c3x3arctan(ax) 47c3’arctan(ax)2 c3x33rctan(ax)3 _ ( Pa*+1 J _ Za*+1
504 3780 252043 3 945 o 105 &
2 7722
8103arctan(ax)2ncsgn(l(l + M))csgn{l[l + (14—2&] ]
3 Za*+1 Za*+1
13543 105 &*



Problem 103: Result more than twice size of optimal antiderivative.
J(ach +c)3arctan(ax)3 dx

Optimal (type 4, 349 leaves, 17 steps):

B 13 (x2a2 +1) B 3 (x2a2 —|—1)2 " 14c3xarctan(ax)

133 x (x2 a+1 ) arctan(a x) Ax (x2 @ +1 )zarctan(ax)

+ +

210a 140 a 15 105 35
_ 127 (ngz—i—l)arctan(ax)2 B 9 (ngz—l—l)zarctan(ax)2 B 3 ()czaz—i-1)321r0t21n(cm)2 i 161(:3arctan(ax)3 n 16c3xarctan(ax)3
35a 70 a 14a 35a 35
2
48 & arct 2 (—)
4 8c3x(x2a2+l)arctan(ax)3 4 6c3x(x2a2+l)zarctan(ax)3 i csx(xzaz+1)3alrctz<1n(ax)3 " arctan(ax)"In 1 +Tax
35 35 7 35a
5 481 arctan(a x) polylog(Z, 1 - LJ 243 polylog[3, 1 - L)
_7c31n(x2a +1) n 1 +lax 4 1 +lax
15a 35a 35a
Result (type 4, 1133 leaves):
2 2
12Ic33rctan(ax)2ncsgn I 3 csgn(@)csgn I(1 +Tax) 3
(1+Iax)2 Pa*+1 5 (1+Iax)2
L+ -5 (P +1) |1+ 55— 5 3 -
B 2a’+1 2a’+1 124’ carctan(ax)“x
35a 35
@ & arctan(ax) 2 x° 57ac arctan(ax)zx2 19 & & arctan(ax) x° at arctan(ax) x° a6c3arctan(ax)3x7 3a4c3alrctan(0tx)3x5
- - + + + +
14 70 105 35 7 5
48 & arctan(ax)zln[ A Alax
2 3 48 3 In(2) arctan(ax)2 J2a® +1 243 arctan(ax)zln(x2 a + 1) 141 arctan(a x)
+a c3arctan(ax) £+ + - -
35a 35a 35a 15a
1+Ia)c)2 3 (1 +Iax)2
481¢3 arctan(a x) polylog[Z, —(—J 4 n| 1+ ———"7"—
_ 161¢3 arctan(ax)> . 297 _ a4+ 1 . 8ac X B a3 I 2a’+1
35a 420 a 35a 105 140 15a
2
24 polylog[3, —(1_'_2&) 3 ) 3
4 Zat+1 _ 19c arctan(ax) i 38 ¢’ xarctan(a x) +c3xarctan(ax)3
35a 35a 35
2 2
12103arctan(ax)27tcsgn ! 5 csgn 11 +1ax) S
(1+(1+21ax) ) (x2a2+1)(1+(1+21ax) )
4 Pa*+1 Pa*+1
35a
2\\2 2\2
12Ic3arctan(ax)27ccsgn[l [1 + U—I;#x) ]J csgn| I [1 + %&J ]
i Za*+1 Za* +1

35a



2 2\2)?
24Ic3arctan(ax)2ncsgn I[l +MJ]csgn[I(l +M) ]

_ Za*+1 2at+1
35a
2 2 242
12103arctan(ax)27tcsgn 1 +lax) cs [WJ 24Ic33rctan(ax)2ncsgn{M gn(%]
B /x2a2+l 2a®+1 N /x2a2+1 2a?+1
35a 35a
2 2 2
12Ic3arctan(ax)2ncsgn %Jcsgn I(1 +Tax) 2 5 233
a“ +
(x2a2+1) [1 + “zﬂ) 121c3arctan(ax)2ncsgn(l [1 +(1+2¢X)J J
4 2a’+1 I 2a’+1
35a 35a
3
5 12Ic3arctan(ax)27ccsgn I(1+Iax)2 S
12Ic3arctan(ax)2ncsgn[MJ (x2a2+1) (1 —i—(l—l—zﬂ}
_ Za*+1 _ Za*+1
35a 35a
Problem 106: Result more than twice size of optimal antiderivative.
Jxarzcta;lz(ax)3 e
a“cx” +c
Optimal (type 4, 123 leaves, 5 steps):
3 2 D) 2 2
] Iarctan(ax)4 - arctan(ax) 1n( T+lax -I—Iax) B 3Tarctan(ax) polylog(Z,l ~ 1+ lax +Iax) B 3arctan(ax)polylog[3,1— T+iax —l—Iax)
4d°c e 2d%¢ 2d%¢c
2
31polylog| 4,1 — ———
poyog( 1+Iax]
+ 2
4ac
Result (type 4, 935 leaves):
1 +lax 2
arctan(ax)31n —] Tes (1(14‘1‘”‘) ] 3
gn arctan(ax)°m
arctan(ax)> In(a® +1) . JZat +1 i Larctan(ax)* 4 Pa*+1
2d%¢c ac 4dc 44 c
2 2
3 arctan(a x) polylog| 3, - (14—2& 3 Iarctan(ax)zpolylog 2, - (14_2&
_ 2a®+1 4 2ad?+1
2d%¢ 2d%¢
2\\2 2\2
Tesgn| I 1+(1+2$x) csgn| I 1+(1+2$x) arctan(ax)>
_ 2a*+1 2at+1

44°¢



Icsgn

2
arctan(ax)3n

[I(1+Iax)zjcsgn 1(1+1ax)?

2 +1 (x2a2+1)(1+(1+1ax)2)2

_ Pa*+1
4d?c
2 2
Icsgn ! S ngn(—l(xlz-l-zlaalc) ]sgn L1 +1ax) S arctan(ax)>
a” +
[l—i— (1+21ax) J (2 +1) [1+ (1+2Iax) J
4 Za*+1 Zat+1
4d*c
2\2
Icsgn I(xlz-i-%x)J cs H[M]arctan(ax)%t 3 Ipolylog| 4, - (1 +Iax)2J
_ a”+1 J32a® +1 _ Za*+1
2d%¢c 4a*c
2 2
Icsgn I o2 csgn {1 +1ax) . arctan(ax)>
[1+(1+2Iax) ] (x2a2+1)[1+(1+21ax) )
_ Za*+1 Za*+1
44 c
2 3
Icsgn I(1+Tax) S arctan(ax)3n 523
(x2a2+1) (1 +(1—|—2¢)5)J Icsgn[l(l +(1+2¢X)J arctan(ax)31t
i Pa*+1 _ Pa*+1
4dc 4d*c
2 2122 1(1+1Iax)? [(1+1Iax) \? 3
Icsgn I(1+(1+2¢x)])csgn(l[l +%J ] arctan(ax)3n Icsgn[ 241 csgn[ > arctan(ax)" #
n Ca*+1 Ca*+1 " 4 J2d*+1
2d%¢c 4a*c
_ arctan(ax)3ln(2)
ac
Problem 107: Result more than twice size of optimal antiderivative.
arctan(ax)3 dr
x(azcx2 +c)
Optimal (type 4, 109 leaves, 5 steps):
4 arctan(ax)3ln(2 - 2 ) 3 Iarctan(ax)zpolylog(Z, -1+ 2 ) 3arctan(ax) polylog(3, -1+ L)
Tarctan(a x) 1 —Tax 1 —Tax 1 —Tax
- + - +
4c¢ c 2¢ 2¢

3Ip01y10g(4, -1+ Lj
1 —Tax

+

4c



Result (type 4, 1833 leaves):

(1+Iax)2_1 2 I (1+Iax)2_1 3
3 Za*+1 3 Za*+1
Iarctan(ax)” mesgn 3 Iarctan(ax)” mesgn 3 5
(I +TIax) (I +TIax) I(1+TIax) 3
1+ —— 1+ S5 Icsgn —5 5 arctan(ax)° 1
B 2a’+1 4 Za*+1 _ Za®+1
2¢ 2¢ 4c
2 3
Icsgn I(1+Tax) S arctan(ax)3n 523
(x2a2+1) 1+M Icsgn[l(l—k(liﬂJ ] arctan(ax)31t
_ Pa*+1 " Pa*+1
4c 4c
(1+1ax)? _ 3
2
Inarctan(ax)3csgn a 5
|+ (I +Tax)
4 Zat+1 I arctan(ax)3ln(2)
2c¢ c
2 2
Icsgn ! S mgn(l%%égﬁfL—]mgn I(1+1ax) > arctan(ax)> m
a” +
|+ (l-t;ax) (xzaz—%l) 1+ (l-i;ax)
_ Za*+1 Za*+1
4c
(1 +1ax)?
2 I e !
Iarctan(ax)31tcsgn I (14—2& — 1] | csgn 5~ | csgn a 3
2ad®+1 (1 +Tax) (1 +Tax)
L L 4 3
4 2a?+1 2a*+1 _ Tarctan(ax) i Tarctan(ax)° T
2¢ 4c 2c¢
3 Iarctan(ax)zpolylog 2, A Alax 3 Iarctan(ax)zpolylog[Z, MJ
_ J2a® +1 J2a +1
c c
(1+Iax)2_1 1[ (1+Iax)2_1]
2 2
Iarctan(ax)31tcsgn a +1 5 | csen Xa+ 3
(1 +Tax) (1 +Tax)
1+————3———— 1#————3————
4 Pa*+1 Pa*+1

2¢



(1+Ia)c)2 1 2 I( (1+Ia)c)2 _1J
a4+ 1

ILarctan(a x) 3 TCcsgn

csgn
(1+Ia)c)2 (1+Iax)2
1+2— 1+2—
a4+ 1 2a’+1
2c¢
[(l—i-lax)z ] 2
I 5 -1
3 1 x2a +1
Tarctan(ax)” mesgn 5 | csen 5
(1 +Tax) (1 +Tax)
1+2— 1+2—
La’+1 Pa*+1
2¢

1[— -
2 2
Iarctan(ax)3ncsgn(1 [ A Atlax)” lj)csgn Pa +1

2ad+1 - (1 +1ax)?
2ad?+1
2c
2 2
Icsgn I > csgn {1 +1ax) . arctan(ax)>
[1+“+2$X>] (xzazﬂ)[ww)
Pd+1 2a?+1
4c
2
I(1 +Iax)2 I(1 —|—Iax)2 3
212 Icsgn[z—)csgn 3 arctan(ax)° m
Icsgn(%] csgn T +lax) arctan(ax)> P’ +1 (a2 +1) |1+ (1 +Tax)?
xza +1 /x2a2+1 N x2a2+1
2c¢ 4c
1(1+1ax)? 1(1+1ax) \? 3 2 \\2 ) \2
Icsgn(m csgn[ﬁ arctan(ax)° T Icsgn[l[l—i— ()162+21axl) J] ngn[l[l+ ()162+21ax1) J arctan (a.x)3 1
Vxta® + a” + a” +
+
4c 4c
2 2122 3 1 +1lax
Icsgn[1[1+(l+z$x)])csgn(l[l+(l+2&J J arctan(ax)37r arctan(a x) ln[l——2
e Sy N NEra
2c c
6arctan(ax)polylog(3, —M] arctan(ax)>In| 1 + m) 6arctan(ax)polylog[3, I Alax
J32ad® +1 I Za’+1 n J2d® +1
¢ ¢ ¢
1 +lax 1 +lax
(1+1ax)? 6 Ipolylog[ 4, - ———2%X_ ) GIpolylog| 4, ——4*_
arctan(ax)3ln[— -1 polylog| %, polylog| 4,
Za*+1 N JZa* +1 L J2ad® +1 N arctan(a x)> In(a x)

C C Cc Cc



14+Iax

J2ad® +1 ] . arctan(ax)3ln(x2a2+l)

arctan(ax)3ln[
_|_
c 2¢

Result more than twice size of optimal antiderivative.
J arctan(ax)3
VIR dx
K (azcx2 +c)

Problem 108:

Optimal (type 4, 305 leaves, 35 steps):
B 34° B azarctan(ax) B 3a4xarctan(ax) B 74 arctan(ax)2 . aarctan(ax)2 3a3arctan(ax)2
8 (Pa* +1) Ax 4 (Fa®+1) 8 225 4 (Fa*+1)
2
71a arct lylog| 2, -1 + —=——
n @ are an(ax)poyog( 1—Iax] _ arctan(ax)3 n 2azarc‘can(ax)3 n a4xarctan(ax)3 5a3arctan(ax)4 n @ In(x)
& 3% Ax 28 (Pa?+1) 8 * A
2 2
7 & arct 2ln|2 — —=—— 7 & polyl (3,—1+—)
_ a3ln(x2a2+1) _ @’ arctan(a x) n( l—Iax) I 7Ia3arctan(ax)3 _ @ Polylog 1 —Tax
27 & 3¢ 27

Result (type ?, 5189 leaves): Display of huge result suppressed!

Problem 111: Unable to integrate problem.

J arctan(ax)3\/ e +e e
x2

Optimal (type 4, 659 leaves, 22 steps):

1 tlax ] arctan(ax)S\/xza2 +1 6acarctan(ax)2arctanh A Alax J JZa* +1

\/azcxz—i-c B \/azcxz—i-c

talax X2 d® +1 3Iacarctan(ax)zpolylog[Z,M]\/xza2+l
JX2ad? +1 i J2d® +1

10 +1ax) J2a*+1 6Iacarctan(ax) polylog[2, _Llax

21 a carctan

61acarctan(ax) polylog( 2, -

+

Ny

_ Pat+1 “a?+1
\/azcx2+c \/azcx2+c

6acpolylog(3, o1 #lax ] J2ad +1 6 acarctan(ax) polylog[3, —L{i+lax) J2a® +1
_ J2ad® +1 J2at+1

\/azcxz-l—c B \/azcxz—i-c

3lacarctan(ax) 2 polylog [ 2,




6 acarctan(a x) polylog[3, 1 +lax) ] J2a® +1 6acp01ylog{3, _IAlax ] J2a® +1
NEra N NErEay

_|_
\/azcxz—i-c Jatexr +¢
6Iacp01ylog[4,M]\/x2a2+l 6Iacp01ylog[4,M VX2 d® +1
_ J2at +1 i J2at +1 _ arctan(ax)3\/a20x2 +c
\/a20x2+c \/azcx2+c X
Result (type 8, 24 leaves):
Jarctan(ax)3\/a2cx2+c e
XZ

Problem 113: Unable to integrate problem.

dx

J (azcx2 +c)3 /2 arctan(ax)3
XZ

Optimal (type 4, 891 leaves, 37 steps):

9Iac2polylog(4, Ll +lax) VP a® +1 61a c?arctan(ax) polylog[Z, MJJXQQ 41
\1X2a2+1 _ x2a2+1
Ve +ec JZ el +e¢
1 +1Iax
6 arctan(ax) arctanh —J Vi +1 61ac®arctan(a x) arctan JTHTax ]m
_ \/xzaz—i-l _ T —Tax
Ja?ex +c JZ el +e¢
3IaCZP01y10g[2, Iy 1 +lax W]szaz +1 9Iaczarctan(ax)zpolylog[z, MJ /xzaz 1
+ T=Tax . [FaTT
J e +c¢ N
' / 1 +1Ilax
3Ia@polylog[2,ﬂj 2a?+1 6Iaczarctan(ax)polylog[2,——) I 2 a? +1
_ V1 —Tlax i Pat+1
JP e +c J2el +c

31ac? arctan

Ner ey

M)arctan(ax)3\/x2a2+l 6ac2polylog[3,—M




9 q ¢? arctan(a x) polylog(3, L1 +lax) ) 2 +1 9 q ¢? arctan(a x) polylog[3, I1(1 +lax) J2ad® +1

2T N JZar T
\/azcxz—i-c \/azcxz-l—c

6aczp01ylog[3, ttlax ] Jad® +1 9Iac2arctan(ax)2polylog(2, 10 +1ax) ) Jd® +1

+ —_
Jatex +¢ 2\/a2cx2 +c
9Iac2polylog[4, 10+1a0) ) 2+
4 2 +1 _ 3acarctaln(ax)Z\/azcx2 +c carctan(ax)3\/azcx2 +c 4 azcxarctan(ax)3w/ e +c

\/azcx2+c 2 X 2

Result (type 8, 24 leaves):

dx

J (azcx2 —Fc)3 /2 arctan(ax)3
x2

Problem 119: Unable to integrate problem.

J arc’[an(ax)3 dr
N e +e
Optimal (type 4, 386 leaves, 11 steps):

A Alax J arctan(cwc)S\/xza2 +1 3 Iarctan(ax)zpolylog(Z, —L(1 +lax) ) J2at +1
Eran N NErE

a\/a2cx2 +c a\/azcx2 +c
10 +lax) X2 d® +1 6 arctan(a x) polylog(l L +lax)
NerEa _ Ve
a\/azcx2 +c a\/azcx2 +c

6arctan(ax)polylog(3, M)\/xzaz—i-l 6Ipolylog[4, 1 tlax) JPa® +1 6Ipolylog[4, 10 +1lax)
S22 +1 JZA+1 J2A+1

+ - +
a\/azcx2+c a\/azcx2+c a\/azcx2+c

Result (type 8, 21 leaves):

2 T arctan

\/x2a2+1

3 larctan(ax)? polylog { 2,

Ny

J' arctan(ax)3 dr

\/azcx2 +c

Problem 120: Unable to integrate problem.



J x arctan(ax)3

(a2 e + 0)3 Z
Optimal (type 4, 407 leaves, 14 steps):

6 I arctan 1 flax ] arctan(ax)lexza2 + 1
6x __barctan(ax) 3xarctan(ax)2 n arctan(ax)3 I JX2a® +1

a3c\/azcx2 +c a4c\/a2cx2 +c a3c\/a2cx2 +c a4c\/a2cx2 +c a4c\/a2cx2 +c

6 larctan(ax) polylog[z, L1 +lax) ] J2d +1 6larctan(ax) polylog(2, I1(1 +lax) J2ad® +1
NEray N NErE
deatex +c deJatex +c

6polylog[3,M]\/x2a2+l 6p01y10g[3, 10 +Tax) J2ad*+1

n JZat +1 _ J2at +1 n arctan(ax)3\/azcx2 +c

4
a4c\/azcx2+c a4c\/azcx2+c a*e

Result (type 8, 24 leaves):

J xq’arc‘[an(ax)3
(azcx2 +c)3 /2

Problem 156: Result more than twice size of optimal antiderivative.

e e
(azcx2 +c)5 /zarctan(ax)2

Optimal (type 4, 126 leaves, 12 steps):

1 _ 1 _ Si(arctan(ax))\/x2a2+l n 3Si(3arctan(ax))\/x2a2+l
a3c(a2cx2 +C)3 /Zarctan(ax) a3c2arctan(ax)\/azcx2 +c 4P aPext +c 4 A dPex +e

Result (type 4, 585 leaves):

- 1 (I(3arctan(ax) Eil(3Iarctan(ax))x4a4—\/x2a2+1 x3a3+6arctan(ax) Eil(3Iarctan(ax))xza2
8Vx2d® +1 (x4a4 +22%a% + 1) arctan(ax) cd

—31JFa® +1 ¥ a* +3JFa* +1 xa +3Ei (3Tarctan(ax) ) arctan(ax) + 1y a* + 1 )Jc(ax—l) (ax +1) )

+ 1 (I (3arctan(ax) Ei (-3 Iarctan(ax) ) Hat -2 +1 54 + 6 arctan(ax) Ei (
8Vxrat+1 (x4a4+2x2a2+1)arctan(ax) cd
—3iIarctan(ax))xzaz-l-?aI\/xzat2 +1 232 +1 xa—-1J2d+1 +3Ei1(—3Iarctan(ax))arctan(ax))\/c(ax—l) (ax+1) )

N I (arctan(ax) Ei, (Tarctan(ax) ) 2 a? + Ei, (larctan(ax) ) arctan(ax) + Pa*+1 xa+1y2a*+1 ) Je(ax—1) (ax+1)
8 (x2a2 + 1)3 /zarctan(ax) cd




I(arctan(ax)Ei (—Tarctan(ax) xza + Ei, ( —larctan(ax) ) arctan(ax) + Pa*+1 xa—1yx2a*+1 )\/c ax—1) (ax+1)

8 (x2a2 +1 )3 Z arctan(a x) cd

Problem 173: Unable to integrate problem.

J[ 2 B 3.8 ] i@
(x2 @+ 1) arctan(ax)3 2a arctan(ax)2

Optimal (type 3, 14 leaves, 2 steps):

P

2aarctan(ax)2

Result (type 8, 38 leaves):

J( 2 B 322 ] i
(x2 a* + 1) arctan(ax)3 Zaarctan(ax)2

Problem 180: Result more than twice size of optimal antiderivative.
S
5 /. dx
(azcx2 +c)

2
arctan(a x)>

Optimal (type 4, 156 leaves, 13 steps):

~ X I 3 _ 3 _ 3Si(arctan(ax))\/x2a2+l
200(020352 +C)3 /Zarctan(ax)2 204C(020X2 +C)3 /2arctan(ax) 2a* P arctan(ax) a® e X’ + ¢ 8a* P\ atex’ +c
n 9Si(3arctan(ax))\/xzat2 + 1

8a4c2\/a20x2 +c
Result (type 4, 847 leaves):
1

La* +1 (x4a4 +22a% + l)arctan(ax)zc3a4

-3 Tarctan(ax) x2a +I\/x2a +1 24 + 9Tarctan(ax) \/xza +1 24 +3\/x2a +1 24 + 9arctan(a x) \/xza +1 xa—-31J2d%+1 xa

+9Ei1(—31arctan(ax))arctan(ax)2—3larctan(ax)\/x2a2+l —\/x2a2+1 )Jc(ax—l) (ax+1) )

1 2Eil(3 Tarctan(ax)) Hat -3 arctan(ax) J2ad+1 54

— (I (9arctan(ax)
Za*+1 (x4a4 +2x2d% + 1) arctan(ax)zc3 a*

)2 i, (3 larctan(ax) xza —IJ2d+1 24 — 9Tarctan(ax) \/xza +1 22432 +1 24 + 9 arctan(a x) \/xza +1 xa

+9Ei, (3 larctan(ax) ) arctan(ax)? +31J2a? + 1 xa +31arctan(ax) 2 a® +1 —x?a® +1 )\/c ax—1) (ax+1) )

(I (9arctan(ax)2Ei1 (-3Tarctan(ax)) Hat -3 arctan(a x) V2P +1 35483 +18 arctan(ax)in](

+ 18 arctan(a x




1 (31 (arctan(ax)inl(Iarctan(ax) ) 2 a? + arctan(a x) V241 xa+1JPa* +1 xa

16 (x2 a* + 1)3 z arctan(ax)zc3 at

—I—Ei](Iarctan(ax))arctan(ax)2+1arctan(ax)\/xzaz-l—l —\/x2a2+1 )\/c(ax—I) (ax+1) )

- 1 (31 (arctan(ax)inl( —Tlarctan(ax) ) xza + arctan(a x) \/xza +1 xa +Eij ( —larctan(ax) ) arctan(ax)2

16 (x2a2 + 1)3 Z arctan(ax)zc3 at

—1J2a* +1 xa—larctan(ax) y 2 a* +1 —J2a*+1 )Jc(ax—l) (ax+1) )

Problem 181: Result more than twice size of optimal antiderivative.

X
/ dx

p)
arctan(ax) 3

J (azcx2 +c)5

Optimal (type 4, 153 leaves, 20 steps):

- X _ 3 i 1 _ Si(arctan(ax) ) Vx> a® + 1
3/2 3/2
/ 2 2dc(dex’ +o) / arctan(a x) a® Parctan(ax)  d® ex* + ¢ 8a* P\ d*ex* + ¢

2ac(azcx2 +c) arctan(ax)

_ 9Si(3arctan(ax)) Jx*a® +1
86126'2\/ aex +o

Result (type 4, 847 leaves):

- 1 (I (9arctan(ax)2Eil(—3Iarctan(ax))x4a4—3arctan(ax) J2d+15d° +18arctan(ax)2Eil(

Zat+1 (x4a4+2xzaz+l)arctan(a)c)2c3a2
—3Iarctan(ax))x2a2+I\/x2a2+1 fa3+9larctan(ax)\/x2a2+l La*+3Pa*+1 x2a2+9arctan(ax)\/x2a2+l xa—31JyPa*+1 xa

+9Eil(—31arctan(ax))arctan(ax)2—3larctan(ax)\/x2a2+1 —\/x2a2+1 )\/c(ax—l) (ax+1) )

- L > (I (arctan(ax) Ej, (—larctan(ax)) x> a® +arctan(ax) Vx> a®> + 1 xa + Ei, (—larctan(ax) ) arctan(a x)?

16 (x2a2 + 1)3 /2 a3 arctan(ax)

—1J2a* 41 xa—Tlarctan(ax) y2a> +1 —J2a* +1 )\/c(ax—l) (ax+1) )

+ 1 (I(9arctan(ax)2Eil(3Iarctan(ax))x4a4—3arctan(ax)\/x2a2+l °a
Zat+1 (x4a4+2x2a2+1)arctan (ax) 2c3a2

+18arctan(ax) Ei, (3 Iarctan(ax) x2a —1J2a*+1 24 — 9Tarctan(ax) \/xza +1 Rl +3J2d*+1 2 + 9arctan(a x) \/xza +1 xa

+9Eil(31arctan(ax))arctan(ax)2+3l Za*+1 xa +3Iarctan(ax)\/x2a2+l —\/x2a2+l )\/c ax—1) (ax+1) )

+ 3/1 - (I(arctan(ax)inl(Iarctan(ax 2 a? + arctan(a x) \/xza +1xa+1yx2a*+1 xa

6(x2a2+1) a‘c arctan(ax)2




+Eil(Iarctan(ax))arctan(ax)2+Iarctan(ax)\/x2a2+l —\/x2a2+l )\/c ax—1) (ax+1) )

Problem 182: Result more than twice size of optimal antiderivative.

1
dx
J (azcx2 +c)5 z2 arctan(ax)3

Optimal (type 4, 125 leaves, 14 steps):

_ 1 " 3x _ 3Ci(arctan(ax))\/x2a2+l _ 9Ci(3arctan(ax))\/x2a2+l
2ac(d®cx® +c)3 /zarctan(ax)z 2¢(d®ex +c)3 /zarctan(ax) 8alrJd2c +c¢ 8atJa*exl +c¢

Result (type 4, 843 leaves):
|

2at+1 (x4a4 +2x2d% + l)arctan(ax)zac3

+18arctan(ax) i, (3 Tarctan(ax) x2a 1/ +1 2 — 9Tarctan(ax) \lxza +1 2 +3J2a* +1 2d° + 9 arctan(a x) \/xza +1 xa

+9Eil(3Iarctan(ax))arctan(ax)2+3l Za*+1 xa +3Iarctan(ax)\/x2a2+l —\/x2a2+1 )\/c(ax—l) (ax+1) )
1

Zat+1 ( at +2:2 + 1) arctan(ax) ac3

—31arctan(ax))x2a2+I\/x2a2+1 fa3+9larctan(ax)\/x2a2+l La*+3JPa*+1 x2a2+9arctan(ax)\/x2a2+l xa—=31J2a*+1 xa

+9Eil(—31arctan(ax))arctan(ax)2 —3Iarctan(ax)\/x2a2+1 —\/xzat2 +1 )\/c(ax—l) (ax+1) )

+ | <3 (arctan(ax)in (Tarctan(ax) ) xza + arctan(a x) \/xza +1 xa+1Jx2ad®+1 xa
2 3 /2 2 3 !
16 (xza +1) arctan(ax)“ac

((9arctan(ax)2Eil(3Iarctan(ax)) a* — 3arctan(ax) \/xza +12°48°

+

( (9arctan(ax)2Ei1( -3 Tarctan(ax)) Hat =3 arctan(ax) J2a?+1 5d +18 arctan(ax)inl(

—I—Ei](Iarctan(ax))arctan(ax)2+1arctan(ax)\/xzaz-l—l —\/x2a2+1 )\/c(ax—I) (ax+1) )

+ 3 /12 (3 (arctan(ax)inl(—Iarctan(ax 2 a? + arctan(a x) \/xza +1 xa +Ei (—larctan(ax) ) arctan(ax)2
16 (x2a2+1) arctan(ax)zac3

—1J2a* +1 xa—larctan(ax) y 2 a? +1 —J2a* +1 )Jc(ax—l) (ax+1) )

Problem 222: Unable to integrate problem.

Jxarctan(ax)3 /2

2
(a cx? —I—c)3 /
Optimal (type 4, 105 leaves, 6 steps):



NrereEin
3FresnelS[ J2 Jarctan(ax) \/7\/; 2251 ]
_ arctan(ax)3/2 T i 3x\/m

azc\/azcxz-i-c 4a2c\/a2(:x2+c Zac\/azcxz-l-c

Result (type 8, 22 leaves):

Jxarctan(ax)3 /2 dr
(c120x2 —I—c)3 /2

Problem 225: Unable to integrate problem.

xarctan(ax)3 /2 e
2 5,2
(a cx? +c)
Optimal (type 4, 200 leaves, 11 steps):

FresnelS[ V6 af/ct_an(ax) ]\/?\/;\/xzaz +1 3FresnelS[ (2 Jarctan(ax) ]ﬁ\/;\/xzaz +1

~ arctan(ax)3/2 _ e _ T
sie(@ed +e) RN rerr 16022 JFe Te
n 3xy arctan(ax) n sin(3 arctan(ax))m\/m
SatJated +c¢ 142 E e +c

Result (type 8, 22 leaves):

Jxarctan(ax)3 /2 dr
(azcx2 +c)5 Z

Problem 226: Unable to integrate problem.

arctan(ax)3/2 dr
2 xz 5,2
(a c —I—c)
Optimal (type 4, 202 leaves, 14 steps):

FresnelC[ 6 af/ct_an(ax) ]\/?\/;\/xzaz +1 9FresnelC[ V2 af/ct_an(ax) ]ﬁ\/;\/xzaz +1

xarctan(ax)3 /2 Zxarctan(ax)3 /2 _ e _ i
32
3c(a*ex® +¢) 3 Ja* e +¢ 144aa*c® +c 16ac?Ja?cex +¢
arctan(ax) arctan(ax)

6ac(@ed+c)”  sofTedtc

Result (type 8, 21 leaves):



J arctan(ax)3 /2 dx
(azcx2 —I—c)5 Z

Problem 251: Unable to integrate problem.

X

dx
J(azcx2 +c)3 /2 arctan(ax)

Optimal (type 4, 50 leaves, 4 steps):

FresnelS[ (2 Jarctan(ax) ﬁ\/;\/xzaz +1
L

azc\/ aex +c

Result (type 8, 22 leaves):

X

dx
J(a20x2 +c)3 /2 arctan(ax)

Problem 267: Unable to integrate problem.
1
dx
J (ozzcx2 —i—c)3 /2arctan(ax)3 /2

Optimal (type 4, 78 leaves, 5 steps):

ZFresneIS[ 2 a\r/ct—an(ax) ﬁ\/;\/xzaz +1
T 2

acyatex ¢ acatex +c¢ arctan(a x)

Result (type 8, 21 leaves):
1
dx
J (azcx2 —l—c)3 /Zarctan(ax)3 /2

Problem 269: Unable to integrate problem.
1
dx
2
J (azcx2 +c)5 / arc’[an(ax)3 /2

Optimal (type 4, 129 leaves, 9 steps):

3Fresne1$[ V2 Jarctan(ax) ﬁ\/;\/xzcﬁ +1 FresnelS[ /6 af/czn(ax) ]\/?\/;\/xzaz +1

b b 2

2actJdtex +c¢ D2alJa?ex +e ac(azcx2+c)3 /2 arctan (a x)



Result (type 8, 21 leaves):
1
dx
J (a2 cx? —l—c)5 Z arctan(ax)3 /2

Problem 290: Unable to integrate problem.

e
(azcx2 +c)5 /zarctan(ax)S /2

Optimal (type 4, 184 leaves, 27 steps):

FresnelC[ (2 Jarctan(ax) ﬁ\/;\/xzaz +1 FresnelC[ V6 af/ct_an(ax) ]\/?\/F\/xzaz +1
2x° T

T
- - +
3ac(azcx2+c)3/2arctan(ax)3/2 3a3 P aex +c a362\/m

8x 4x°
2 (.2 3 /2 + 2 3/2
3d°c (a cx? +c) arctan(a x) 3¢ (a cx? +c)
Result (type 8, 24 leaves):

arctan(ax)

i
(azcx2 +c)5 /2arctan(ax)5 /2

Problem 302: Result more than twice size of optimal antiderivative.
}xf’ (a +barctan(cx) ) dr
(Le+d)’

Optimal (type 4, 334 leaves, 16 steps):

2 J (a+barctan(cx))1n[ 20(\/—_d—x\/?) J
_bAdarctan(cx) | d(a+barctan(cx)) I—lex) (1—1Icx) (ey=d —1y<)

2(@d—e)d | 22 (2etd) 2 2
20(\/ -d +x\/?) ] ) { 20(\/ -d —x\/?) ]
(a +barctan(cx) ) 1 _ Ibpolylog| 2,1 —
e n[ (1 —TIcx) (c\/ -d +I\/?) n Ibpolylog(Z,l 1—ch) poyioe (I =Icx) (c\/ -d —I\/?)

(a +barctan(cx) ) ln(

_|_

28 28 4
20(\/—_d+x\/?) ] bcarctan[ X\/?]\/7
)

15 polylog [ 2,1 —

_ (l—ch)(c -d +1Je Jd
40 2(2d—e)é
Result (type 4, 759 leaves):
Fad " aln(czex2 +c2d) n czbarctan(cx)d n b arctan(cx) ln(czex2 +c2d)

28 (Pex +2d) 2 28 (Pex +2d) 26



RootOf(e_22 +21 Ze +Pd—e, index=2) —cx +1

IbIn(cx—1) In
RootOf(e_Z2 +21 Ze +?d— e, index=2)

IbIn(cx —1) In(F ex® +2d)

4 &
RootOf(e_Z2 —21 Ze +Pd—e index=2) —cx—1

IbIn(cx +1) In >
RootOf(e 72 — 21 Ze +2d—e, index=12)

- 4 &

RootOf(e_Z2 —21 Ze +Pd—e index=1) —cx—1 J
RootOf(e_Z2 —21 Ze +d — e, index = 1)

15 dilog [

4

2 — 5 = — —
IbIn(cx +1) In RootOf (e 7 21_Ze+02d e, index=1) —cx —1

RootOf(eiZ2 —21 Ze + ?d — e, index = 1)

40

2 5 = _
IhIn(cx —T) In RootOf (e 7 +21_Ze+52d e, index=1) —cx +1

RootOf(e_Z2 +21 Ze +?d— e index=1)

- 4

2 5 = _
] Ibdilog[ RootOf (e 7 +21_Ze+52d e, index=1) cx—i—I]

RootOf(e_Z2 +21 Ze +?d— e, index=1)

4 4
2 L — _ _ 2 i = _
Ibdilog( RootOf (e 7 221_Ze+c2d e,index=2) —cx —1I ] Ibdilog( RootOf (e 7 +221_Ze+c2d e,index=2) —cx +1 ]
4 RootOf (e 7 —2I_Ze+czd—e,index:2) RootOf (e 7 +2I_Ze+czd—e,index:2)
4 4¢
cbdarctan( Xe J
IbIn(cx +1) 1r1(C'2€x2 +2d) B bczdarctan(cx) Jed

4 2(Fd—e)

Problem 304: Result is not expressed in closed-form.

2e(ch—e)\/ﬁ

J a + barctan(cx)

x(x2e+d)2
Optimal (type 4, 366 leaves, 19 steps):
(a + barctan(cx) ) ln( J (@ +barctan(cx) ) ln[ ZC( 2 —x\/?) )
B bczarctan(cx) a + barctan(cx) aln(x) i 1 —1TIcx (I —=TIcx) (c -d —I\/?)
2d (*d—e) 2d (FPe+d) & a2 2d?
(a +barctan(cx) ) ln( ZC(‘ d +x\/?) ] Ibpolylog[2 1 — 2 )
B (1—TIcx) (ey=d +1Je) . 1bpolylog(2, —lex) _ Ibpolylog(2.Tex) _ T T —lex
2d 2d 2d 2d
Ibpolylog[Z, 1 - 20( /-d —x\/?) Ibpolylog[Z, 1 - 26( d +X\/?) J bcarctan[ xe ]\/?
4 (l—ch)(c —d—I\/?) I (1 —Tcx) (c\/—d +I\/?) n Jd
442 44 232 (Pd —e)

Result (type 7, 1763 leaves):



ac aln(czex2 +c2d) aln(cx) bczearctan(cx) bc4earctan(cx)x2

2d(Eeld +3d) 2 £ 2d(Ed—e) (Peld+3d)  2d(Ed—e) (el +3d)
(2czd—622xe2) (1 +1Icx)? 2 2d 420
Ibc3\/ﬁ arctanh +1
i 4cm
8d (Pd—e)?
Ad(1+1ex)* | 22d (1 +1ex)? e(1 +1cx)? 2e(1+1cx)? ] . 1 +1lcx ]
Ibeln + - +2d+ "L Ibedilog| 1 +
( (@2 +1) 2241 (@2 +1) 2241 72T
+
82 (Pd—e) & (Pd—e)
(262d_622x62)-|511+ICX)2 +202d+26J 1 +Tcx
1b\ed & arctanh Ibczdilog[1+—
B e 4dced 3 VX +1 1 b
scd (Fd—e)’ d(Fd—e) 4d(d—e)
"RI=RootOf ((2d—e) ZA+(22d+2e) 2+2d—e)
RI— 1 4+1Icx RI— 1 +1Icx
(R2Pd— RIPe+3Ad+e) | Tarctan(cx) In V;XZH + dilog V}i"zﬂ
7R12c2d—7R126+_ch+e )
(2026¢’—622;32)(l—i-ch)2 1old42e (2c2a’—c22xe2)(I—I-ch)2 1o2d42e
Ib\[ed earctanh t1 31bc¢+/ed arctanh +1
_ 4cfed I 4ced
8cd’ (Pd—e) 8> (Pd—e)
1 +1cx (:2d(1+ch)4 2c2a’(l+ch)2 e(1+ch)4 2@(1+ch)2 ]
bearctan(cx) Inf 1 + b 1n + — +2g+ 8T,
( JE2+1 ) [ (22 +1)° 41 (22 +1)° F+1
P (Pd—e) 82 (Pd—e)’

1

Tl (@a—o) '€



"RI=RootOf((2d—e) Z2+(22d+2e) Z2+2d—e)

Rl — 1 +1Icx Rl — 1 +1cx
(_R]zczd—_R]2e+3c2d+e) larctan(cx) In ‘Igzlxz+l + dilog “Iix2+l 1
= = + b
RI’Ad— RI’Pe+Pd+e 4d(Fd—e)
"RI=RootOf((2d—e) Z2+(22d+2e) Z2+2d—e)
RI— 1 +1Icx RI— 1 +1Icx
(_R]zczd—_Rlze—gd+e) larctan(cx) In ‘}ix2+1 + dilog “;2])624—1 1
= = ————FF | 1be
RI’Ad— RPPe+d+e 442 (Fd—e)
"RI=RootOf((2d—e) Z2+(22d+2e) Z2+2d—e)
RI— 1 +1Icx RI— 1 +1Icx .
JE2 +1 . JE2 +1 bczarctan(cx) 1n(1+—wC
2 _ 2
(_RI Ad RI7e c2d+e) larctan(cx) In RI + dilog “RI N m
RI’Ad— RIPPe+d+e d(Pd—e)
Ibczdilog{m) Ihedilog MJ
N VAP +1 ) VAP +1
d(Fd—e) & (Pd—e)
1bel Ad(1+Icx)* | 22d(1+1ex)?  e(1+1Iex)? e 2e(l+1Icx)?
- 2 221 2 2241
N (P +1) + (Zx?+1) +
8d (Fd—e)’

Problem 305: Result is not expressed in closed-form.
Ja + b arctan(cx)
2
X (xze+d)




Optimal (type 4, 419 leaves, 22 steps):

bee /zarctan[ x\/? ]
Jd _ 2aeln(x)

b bczarctan(cx) bczearctan(cx) -a —barctan(cx)  e(a+barctan(cx))
2dx 2 2 28 (Fd—e) 222 2 (Pe+d) 257 (Pd—e) &
2¢ (\/ -d —x\/?)
2e(a +barctan(cx))ln( 2 ) e(a—l—barctan(cx))ln[
1 —1TIcx i (I =TIcx) (c\/—d—l\/?)
& &
e (a +barctan(cx) ) ln( ZC(‘ d +x\/?) ) Ibepolylog[2 1 — 2 )
N (1 —1Icx) (cy=d +1ye) ) _ Ibepolylog(2, —Icx) . Ibepolylog(2.Tex) T T —lex

& & & &

Ibepolylog[Z,l— 2c(\/—_d—x\/?) ] Ibepolylog[2,1— 26(‘/__d+x‘/?) J
_ (1—1ex) (e=d -1Ve) ) _ (1—Tcx) (ey=d +1Je)
2d3 2d3

Result (type ?, 2276 leaves): Display of huge result suppressed!

Problem 306: Result is not expressed in closed-form.
Ja +barctan(§x) &
(xze+d)

Optimal (type 4, 611 leaves, 24 steps):

x‘/?j Ibcln[—<1+x\/?)\/?]ln[l—M]
x(a+barctan(cx)) _ beln(@2+1)  beln(Pe+d) Ja /-2 Jd —Je Jd

(a + barctan(cx) ) arctan[

2d(Pe+d) 4d(Pd—e)  4d(Fd—e) 2B 2T - N
Ibcln U —x/7) Ve ln[l_M] Ibcln['(l_xm)ﬁJln[lJr—lﬂ?]

n & Jd +e va ) _ W2 VT —J7 V7
s AT E s AT
Ibcln (1+x\/?)\/? In 1+M] Ibcpolylog[2, ‘/7(\/7_“\/?) ] Ibcpolylog[2, \/?(ﬁ—lx\/?) J
" I\/?\/?-i-\/? Jd + \/j\/?—l\/? ~ \/?\/74—1\/?
83 22 e 832 -2 e s 2T e
Ibcpolylog[Z, \/?(\/7"'1)6\/?) ] Ibcpolylog[z, \/?(\/7+Ix\/?) J
+ JeVa-1[e ) _ J-Z VT +1/e
88322 e 82 2-2 e

Result (type 7, 1129 leaves):



aarctan( Xe )
Fax Jed Ic3barctan(cx)xze c4barctan(cx)x czbarctan(cx)xe

2d (Fex +*d) " 2ded 2d(Fd—e) (Fed +3d)  2(Fd—e) (Fed+3d)  2d(PFd—e) (Fed +3d)

csbm[czd““cx)“ 2dd (1 +1ex)? e(ltlen)t | 5, 2e(1+1ex)?
4 1 b arctan(cx) n (C2x2_|_1)2 A+ (62x2+1)2 A +1
2(Fd—e) (Fexd +3d) 4(Fd—e)’
(262d_522;)4:11+ICX)2 +22d+2e |t lex
c4bm arctanh 3 bln( R E—
N 4cfed 3 JlP +1
4e(czd—e)2 (Czd_e)z
(2c2d—622;) (L+Tex)? o200y, (2c2d—622;) (L+lex)® oo o)
b\[ed arctanh +1 & b\[ed arctanh +1
+ 4Cm + 4cm
4d* (Pd—e) 4ed(Fd—e)
Cbeln( dd(1+1lex)t  2Z2d(1+1ex)®  e(I+len)t | 5 2e(1+1ex)? _eJ
_ (22 +1)° 2241 (22 +1)° X +1
4d(Pd—e)?
2
bl e s )
b\ ed earctanh cheln| ————
+ 4cifed N [\/62x2+1 J
4P (Pd—e)? d(d—e)?
Rl — 1 +1cx Rl — 1 +1cx
Iarctan(cx) ln{ [@x+1 +dilog[ V62x2+1 ]
che _RI _RI
" RI=RootOf((R2d—¢) Z2+(2R2d+2¢) 2+2d—e) RI’?d— RI’e+cd+e
2d(*d—e)
Rl — 1 +1cx Rl — 1 +1cx
Tarctan(cx) ln[ chx2+1 ]+dilog Vc2x2+1 J
C3b 7R] 7R[
_ RI=RootOf((Rd—e¢) Z2+(22d+2¢) 2+2d—e) RPP?d— RI’c+c*d+e
2(Pd—e)

Problem 307: Unable to integrate problem.



Jf\/xze+d (a + barctan(cx) ) dx
Optimal (type 3, 191 leaves, 9 steps):
b (cza’—e)3 /2 (202d+3e) arctan[ x_ﬂd—e
J2e+d

bx(Petd)’”? d(Pe+d)’” (a+barctan(cx)) N (Le+d)® " (a+barctan(cx) ) N
20ce 3 58 150 ¢

b(15A P +202de —24¢) arctanh[ i}
Je+d )  b(Fd—12¢)xJPe+d
1205 & /2 1203 e
Result (type 8, 23 leaves):

_|_

defe+d(a+bmdmhwﬂ(h

Problem 310: Unable to integrate problem.

K

me +barctan(cx))

Optimal (type 3, 192 leaves, 10 steps):

bc (24(:4512 —20%de— 15e2) arctanh[ —W]

bc(xze+d)3 /2 (xze+d)3 /z(a + barctan(cx) ) 2e(xze+a’)3 /2(a + b arctan(cx) ) Jd

20dx* 5dx° 15d% % 120 &? /2

b(Fd—e) (3czd+26)arctanh[c—vxze+dj
Jid—e +bc(1202d—e)\/x2e+d

15 4% 120 d
Result (type 8, 23 leaves):

+

+©

dee+d(a+bmmmuwﬂ d

Problem 315: Unable to integrate problem.

Jx(a + barctan(cx) ) d

J2e+d

Optimal (type 3, 89 leaves, 6 steps):



b arctan{ _

Jxte+d

\/czd—e barctanh[iJ
B JPe+d (a+barctan(cx))\/xze+d

+

ce €

x\ICZd—e

Result (type 8, 21 leaves):

Jx(a + b arctan(cx) ) dr

[Tord

Problem 318: Unable to integrate problem.

Jx (a +barctan(cx) )
(Pe+d)’”?
Optimal (type 3, 65 leaves, 3 steps):

bcarctan[ x—m
J2e+d

4L a- b arctan(cx)

e\/czd—e ePe+d

Jx (a + barctan(cx) )
(Ze+a)

Result (type 8, 21 leaves):

Problem 320: Unable to integrate problem.

X (a +barctan(cx) )
5,2 dx
(x2e+d)
Optimal (type 3, 93 leaves, 5 steps):

b arctanh { Lrera vxze-i-d

x3(a+barctan(cx)) . JEd—e n bc
3d(Pe+d) 3d(dd—e) " 3(Pd—c)efFerd

Result (type 8, 23 leaves):

sz (a +barctan(cx) ) dr
(Ze+d)

Problem 321: Unable to integrate problem.



J a + b arctan(cx)

2
(Pe+da)”
Optimal (type 3, 124 leaves, 7 steps):

b (3czd—2e) arctanh{ c—vxze-l-d

x (a + barctan(cx) ) JEd—e _ bc n 2x (a+barctan(cx))
3d(2e+d) 38 (Fd—e) 3d(Fd—e)JPe+d 3P Pe+d

Result (type 8, 20 leaves):

J a + barctan(cx)
(Ze+a)

Problem 323: Unable to integrate problem.
Jxm (Pe+d)’ (a+barctan(cx)) dv

Optimal (type 5, 376 leaves, 4 steps):

be(P (M +8m+15) —3de(m® +10m+21) +3F P (m* +12m +35)) 2 Hm N b (e(5+m) =32d(T+m))x**tm b xOTm
S(24m) (3+m) (5+m) (7T+m) S (44m) (5+m) (7T+m) c(6+m) (7+m)
+_fx“”%a+bmdmhmﬂ +3d%m*”%a+bmmmuxﬂ +3d¥f+m(a+bmdem))+_gﬂ+m(a+bMWm@xH
1 +m 3+m 5+m 7T+m
1

: (b(e3 (m® +9m* +23m+15) =32d& (m® +11m?> +31m+21) +3*de (m® +13m> +47Tm
c(l+m) (24+m) (34+m) (5+m) (7+m)

+35) =B (md +15m2+71m+105))x2+mhypergeom( [1,1+ %] [2+ %} éxz))

Result (type 8, 23 leaves):
J)e" (Pe+d)’ (a+barctan(cx) ) dx

Problem 324: Unable to integrate problem.
Jx’" (FPe+d) (a+barctan(cx) ) dx

Optimal (type 5, 120 leaves, 3 steps):

Ad e
b -
bex?tm dx' T (a + barctan(cx) ) " ex> ™™ (q + barctan(cx) ) _ [ 1+m 34+m
c(m>+5m+6) 1+m 3+m c(2+m)

Result (type 8, 21 leaves):

)x2+mhypergeom( [1, 1+ % ], [2 + % ], _CZxZ)

Jxm (Pe+d) (a+barctan(cx)) dx



Problem 328: Result more than twice size of optimal antiderivative.

J (e+d) (a+barctan(cx))?
x

dx

Optimal (type 4, 200 leaves, 14 steps):
_abex bzexarctan(cx) i e(a +barctan(cx))2 4 ex? (a + barctan(cx) )2

2
_2d(a+bar0taﬂ(cx))zarctanh(—1 I J b eln(Z2 +1)

c c 22 2 1 +1Icx 22

b*dpolylog| 3,1 —
poyog( ’ 1+ch)

—1bd (a+ barctan(cx)) polylog(2, 1 - 1 +Zch ) +1bd (a + barctan(cx) ) polylog(2, -1+ 1 +2ch ) - 2
bzdpolylog(3, 2 )
i 1 +1cx
2
Result (type 4, 1283 leaves):
(1+Iex)® Y I((1+1cx)2_1]
Ibzdncsgn GEakd 3 csgn GEaka 3 arctan(cx)?
(1 +1Icx) (1 +1Icx)
1+ —szz 1+ —szz
2abarctan(cx) dIn(cx) +labdIn(cx) In(1 +1cx) — +1 2 +1

(1+ch)2 _1] 2

i
2
Ibzdncsgn[l(% —lj)csgn CZ)(Czlt—Ich)z arctan(cx)2
|+
B A +1
2
(+lex)? I[(H_ch)z _1)
Ibzdncsgn GEakd csgn GEakd arctan(cx)2
- (1 +1cx)? - (1 +1cx)?
N A +1 A +1
2
2
(1 —i—ch)2 I I( (;;I‘T‘XI) _1]
Ibzdncsgn[l(——lj)csgn 5~ | csgn 3 arctan (cx)?
AP +1 | 4 (L+Icx) | 4 (L+Iex)
N A +1 A +1

2



I[ (1+ch)2 _1) 2

I A +1

1pdn csgn 5~ | csgn 5 arctan(cx) 2
14 (I +Tcx) 1+ (1 +TIcx)
_ AP +1 AP+l _abex bzexarctan(cx) n bzarctan(cx)zxze
2 c c 2
2
. , bzeln[l + —(;;I”) J ,
+ B arctan (ex) 2 dIn(cx) + 2earctan(ex)” t1 ) 2 garctan(ex)?in| LLELEDT g 412 darctan (ex) 2 n[ 1
27 ¢ A 41
+
2
b LELex ) L aretan(ex)?inf 1 — LX) L @e o tog 3 LI ) Lo g2 gnoiyiog( 3, —LELex
2
VA +1 VP +1 VAP +1 VAP +1
I[ (1 —}-ch)2 _1) 3
2 A +1 2
(1 +ch)2 16°dmcesgn T +ch)2 arctan(cx)
b% d polylog| 3, T} 1+ e
- . 1 | 2din(ex) —TabdIn(ex) In(1 —Tex) + ]
(1+ch)2_ 2 (1—|—ch)2_1 3
Ibzdncsgn ekl 5 arctan(cx)2 Ibzdncsgn ek 5 arctan(cx)2
|+ (1 +1Icx) 1+ (1 +1Icx)
- Cz’z‘zH + Cgf“ + “bamj;(”)e +Tabddilog(1 +Iex)
2 2
+abarctan(cx)xze—Iabddilog(l —1Icx) +Ib2darctan(cx) polylog[Z, - (;;chl) ] 1b arct:zn(cx) ¢ —21b2darctan(cx) polylog| 2,
+
2 2
1 +Tex 4 b dnar;tan(cx) —ZIbzdarctan(cx) polylog[Z, 1 +1Icx )
JEZ +1 VP +1

Problem 329: Result more than twice size of optimal antiderivative.
2
J(xze+d) (a + barctan(cx) )? dx

Optimal (type 4, 398 leaves, 30 steps):
20%dex _ 302&x | 2@X _ 20%dearctan(cx) | 30 Parctan(ex) _ 2bdex’ (a+barctan(ex)) | belx® (a+barctan(cx))

33 10 302 33 10 3¢ 50
2 2
Ibzezpolylog(z 1 - ) 1% d? polylog(Z 1 — )
4 2 2 > >
_ bex (a + barctan(cx) ) i 1d° (a + barctan(cx) ) 4 1 +1Icx 1 +1cx +d2x(a

10¢ c 50 c



2
2bd (a+ barctan(cx) ) ln( )
2 5 2
+ barctan(cx) )2 + 2dex’ (“Jrza“’ta“(cx)) + X (a +b2rctan(cx)) " 1 +1Icx

C

4bde (a+ barctan(cx) ) ln(

I +2ch j 2bé (a +barctan(cx) ) 1n( 2

n 1+ch) _2lde(a +barctan(cx))2
33 50

n 1¢ (a + barctan(cx) )?
33
ZIbzdepolylog(Z, 1 - 2 J

50
1 +Icx

33

Result (type 4, 1004 leaves):

B b? arctan(cx) ln(62x2 + l)a’2

[

I

Ibzdilog(—— (cx+I))d2
2 2 _1\2 R

_abn(EXP+1)d +2abarctan(cx)xd2—l—1b In(cx—1)?2d” | 2
c 4c

. I I

1b% dilog| — —1) | &? 121(-— 1)1 —1) &

_ bd“’g(z (ex ))d L 1P m(ex+1) In(d P +1) & brin| =5 (ex#l) Jinfex—1)d

2c¢

2 _ 2
N IR In(ex—D)In(EFP +1)d )
2¢ 2¢ 2¢
20%dearctan(cx) _ 30°Zx  pPEx | 3P larctan(ex) _ abin(ZP+1)&  2abdex’ _ 2b%arctan(cx) dex’
3¢S 10 ¢* 302 106

50 3¢ 3¢
I
1h% 21 I) In| = —1
| 4abarctan(cx) dex’ | 1b*deln(cx+1)? n(ex+1) n( y (ex ))
3 6 106
I 5 I
-5 I 1b*dedilog| = —1
( p (ext )j _12ZIn(ex—D (@2 +1) ¢ ”’g[ y (ex )J
10 10 3
. I I
162 dedilog| -— I 1h%del —I)In| -— I
_ 1Pdeln(ex—n? 7 °° log( p et )) 1Pdel(ex+D) (@2 +1) 2 demlex—D n( g (7 ))
6 3 33 33
I
1h2del ) In| — —1
4 1b*deln(cx —1) In(#x% +1) elnfex +1) n( 2 (cx )J

162 & dilog| -
4 _ bzarctan(cx)e2x4 4 Ibze'zln(cx—l)2 i 10g(
3¢ 30 10¢ 20¢°

. 1
16 & dil (— —1 )

_ Ibzezln(cx+1)2 _ rog 2 (ex=1) i ab& _ ab&x* i Zabarctan(cx)ezxj n 2b2arctan(cx)2dex3 i bzarctan(cx)xze2

206 106 50 10¢ 5 3 50
I 2
— -1) |1 +1)d
2 (ex )) n(ex+1) i 2a*dex’ i bzarctan(cx)zezxj _ bzarctan(cx) ln(czxz+1)e2 4 P EX

2¢ 3 5 50 5

IR In(ex+1)2d?
4c

2¢

2
4 2b°dex
32

4 2b%arctan(cx) In(?x% +1) de

2abln(Ax2 +1)de
33 -

3

2 _
L 1P 2mex+ ) In(EP+1) 15" In(ex ~1) In
10

(cx+I))

(93 l\)|»—<

10 ¢

Ibzln(
+ b2 arctan(cx)zxd2 -

Problem 330:

Result more than twice size of optimal antiderivative.



dx

J (x2e+d)2 (a + barctan(cx) )2
X

Optimal (type 4, 330 leaves, 25 steps):
_2abdex abéx N p*#x®  2h*dexarctan(cx) N p* P xarctan(cx) b x (a + barctan(cx) ) 4 de (a+ barctan(cx) )2
c 27 122 c 27 6¢ &

2 4 2
— ¢ (a +barctan(cx) ) +dex? (a +barctan(cx))2+ e (a + barctan(cx) ) — 24 (a +barctan(cx))2arctanh(—1 + 2 )
44 4 1 +Icx
2 2
+ b deln(c2x2+1) _ b ezln(czx2+1) —1bd? (a+barctan(cx))polylog[Z, 1 - 2 ) +1bd? (a +barctan(cx))polylog(2, -1
2 34 1 +1cx
2
b* d? polylog| 3,1 — b* d? polyl (3—1 )
L2 )_ poyog( : 1+ch) N polylog| 3, =1 49—~
1 +1cx 2 2
Result (type 4, 1548 leaves):
2 2 2 2
b”earctan(cx)“d +b2earctan(cx)2x2d— 2abdex  2b”dexarctan(cx) i 2abearctan(cx) d +2abearctan(cx)x2d+ abejx " b ezxarctan(cx)
& c c ¢ 2¢ 27
2 2
+ b +d2b2arctan(cx)21n 1 - A Alex +d2b2arctan(cx)21n(cx) —a’zbzarctarl(cx)zln(M - 1) —l—dzbzarctan(cx)zln 1
12 (211 A +1
2b2621n[1 +(1+—ch)2)
4 1 +Tcx n a? & xt n ZIbzdearctan(cx) 4 bzarctan(cx)zez)c4 _ bzarctan(cx)ze2 i AP 41
/czx2+1 4 & 4 4 3
(1+ch)2_1 I((1+1cx)2_1j
1d? bzncsgn GEakd 5~ | csen ek 3 arctan(cx)?
1+ (1 +1Icx) 1+ (1 +1Icx)
N A +1 A +1
2
I( (1 +1cx)? 1) 2
1d* b? mesgn I 5 | csen e +1 3 arctan ( cx)2
1+ (1 +Tcx) 1+ (1 +TIcx)
_ AP +1 AP +1
2
(1+ch)2_1 2 I((1+ch)2_l]
14> bzncsgn cx +1 5 csgn e +1 3 arctan(cx)?
|+ (1 +TIcx) 14 (I +Tcx)
A +1 A +1




(1+ch)2 ) 2
| —————+— -1
Idzbzncsgn[l[(l_l_—lcx)z—l]Jcsgn [ e+ 1

arc‘[an(cx)2
AP +1 (1 +1cx)?
S
- 5 + +2d abarctan(cx) In(ex) +1d®abdilog(1 +1cx)
2
—Idzabdilog(l —Icx) +1d?b? arctan(cx) polylog[2, —MJ —21d* b? arctan(cx) polylog| 2, oA ATex
a1 NErEy
1+ch)2
2b2deln(1 +<—)
212 2 2
—21d2b2arctan(cx)polylog(Z, 1 +1lcx J+ 1d% b Tcarzctan(cx) tleld b arctan6(cx)x3e2 3 ab6e2x3 B AP +1
JE2+1 c c 2
(1 +ch)2 1 3
14> bzncsgn GEakd 3 arc’[an(cx)2
14 (1 +TIcx)
_ ZIbzarctan(cx) & _ abezarctan(cx) " abarctan(cx) & x i AR +1
3 2 2 2
(1+Iex)® Y I((1+ch)2_1] 3
1% bzncsgn GEakd 3 arctam(cx)2 14> b2ncsgn x + 1 5 alrctaln(cx)2
(1 +TIcx) (1 +1Icx)
1+ —szz 1+ —czxz
. +1 n . +1 +1dabin(ex) In(1 +Tcx)
I[ (1 +1cx)? _1J
2
Idzbzncsgn[I(M—IJ}csgn I 5~ | csgn <+ 3 arctan(cx)2
AP +1 (1 +1cx) (1 +1cx)
1+—c2x2 1+ —szz
1 abln(ex) In(1 —Tex) + 5 +1 +1
2
dzbzpolylog[Z», —(162—:2&) 22
- > +1 +2d2b2polylog[3, S U +2d2b2polylog[3, Llex +d*a®In(cx) + b B
JE2+1 JE2+1 12¢

Problem 331: Result more than twice size of optimal antiderivative.

J (Pe+d)” (atbarctan(ex))?

2

Optimal (type 4, 317 leaves, 20 steps):
b* P x bzezarctan(cx) _ bex? (a + barctan(cx) )

led® (a +barctan(cx) ) + 21de(a+barctan(cx))? 1 (a + barctan(cx) )?

3¢ 36 3¢ ¢ 3¢



, 4bde(a+barctan(cx))ln( 2 )

_ a2 (a + barctan(cx) )2 2 4 e (a +barctan(cx) ) 1 +1Icx

+2dex (a+ barctan(cx) ) +
X 3 c
Zbez(a + barctan(cx) ) In 2
1 +1Icx 2 2 2 2 2
— +2bcd (a +barctan(cx) ) In| 2 — —1b° cd* polylog| 2, -1 +
33 1 —1Icx 1 —1Icx
ZIbzdepolylog(Z, 1 - 2 J Ibzezpolylog(2, 1 - 2 j
i L+0lcex ) 1 +1cx
c 3C3

Result (type 4, 996 leaves):

Ibzdilog(% (cx—I)]ez Ibzdilog(—% (cx+l))ez

I In(ex—1)% &

_bzezarctam(cx)x2 _i_2abezarctan(c:x))€j _I_Ibzln(cx—l-l)ze2 I

3¢ 3 127 6 12 6
2 2 2 2 2
B ab3ezx2 L b ezarctan(c3x)31n(c2x2+1) L abezlngcz3x2+l) _ 2d?abarctan(cx) t2edabin(ex) — £a’ | a fx* TR P In(ex) In(1
c c c X X

Ibzdedilog(—% (cx-I—I))

2barctan(cx) In(?x? +1)de  2abin(PP +1)de N
C C C

(1

1% log| = -1

b dedlog( y (ex )) L 1PPdeln(cx 1) _ 1Hdeln(cx+1)2
c 2¢ 2¢

+1Icx) — +4abdearctan(cx) x
chzm(—% (cx+1) ) In(cx —1) &
—chzdzln(cx) In(1 —Icx) +

2

ch2ln( (ex—1) ) In(cx +1) &2

N|>—<

Ik In(ex—D (P +1)d L e’ n(ex+ 1) (22 +1) &

> 5 > +2b?arctan(cx)?xd e + 1cb? d* dilog( 1

2 22
+1Icx) — cabln(c2x2 +1) > — cbzarctan(cx) 1n(c2x2 +1) a4 +2cbzarctan(cx) dzln(cx) —chzdzdilog(l —Iex) + Ieb'In(ex —1)°d

4
chzdilog(-l (cx+I))d2 chzdilog(l (cx—I)]dz
2 Ich*In(ex +1)%d? 2 b? farctan(cx)®xr _ d*b*arctan(cx)? | b2y
+ - - + - +
2 4 2 3 X 32
I I
15°In| -— |1 —1) & 16%1 (— -1 )1 1) &
b2 & arctan(cx) n( y lext )) n(ex —1) 102 In(cx —1) In(Z2 +1) & n| 5 (ex=1) Jin(ex+1)

- 303 - 603 * 67 " 67

Ibzdeln(cx—l) ln( —% (cx—l—l))

IR In(ex+D) (PP +1) + 102deln(cx +1) In(Px% +1) + _ Ihdeln(cx—1) In(2x +1)

6 c c c

102 deln(cx +1) ln( % (cx—T) ]

— +2a*xde
c




Problem 332: Unable to integrate problem.

J (a + barctan(cx) )2
x(xze+d)

Optimal (type 4, 546 leaves, 12 steps):

2 ) (a +barctan(cx))21n[ 26(\/__61_)6\/?)

2 (a +barctan(cx))2arctanh(—1 + 2 ) (a—l—barctan(cx))zln[

B 1 +1Icx n I —Icex ) (l—ch)(c —d—I\/?)
d d 2d
2c (\/ -d —I—x\/?)
(a +barctan(cx))2ln[ b b arct vl (2 | — 2 ]
_ (1 —1Icx) (c -d —I—I\/?) _ (a +barctan(cx) ) polylog| 2, 1 —1Icx
2d d
Ib (a + barctan(cx) ) polylog(Z, 1 - 2 ) Ib (a + barctan(cx) ) polylog(Z, -1+ 2 )
_ I +1cx 4 I +1cx
d d
16 (a —i—barctan(cx))polylog[Z,l— 20(“ ~d —x\/?) 16 (a —I—barctan(cx))polylog[Z,l— 26(‘ ~d —I—x\/?)
4 (I —=TIcx) (c\/ -d —I\/?) 4 (1—ch)(c\/ -d +I\/?)
2d 2d
bzpolylog(?, 1 - ) bzpolylog(3 1 - ) bzpolylog(S I J
+ ’ 1 —TIcx ) ’ 1 +1Icx + ’ 1 +1Icx
2d 2d 2d
bzpolylog[3, 1 - 2c (“ d _X\/?) ] bzpolylog(l’,, 1 - 20( / d +X\/?) ]
_ (1 —TIcx) (c —d—I\/?) _ (1 —TIcx) (c\/—d +I\/?)
4d 4d

Result (type 8, 25 leaves):

J (a + barctan(cx) )2
x(xze—l—d)

Problem 333: Unable to integrate problem.

J (a + barctan(cx) )2
X (xze+d)

Optimal (type 4, 451 leaves, 9 steps):

2

2b b arct Inf 2 —
Ic (a +barctan(cx))2 (a +barctam(cx))2 ¢ (a +barctan(cx) ) n( 1 —1Icx
- — + J—

d dx d d

(a +barctan(cx))*In ZC(\/__d_x\/?) ]\/? (a +barctan(cx))21n[ 20(\/—_d+x\/?) ]\/?
4 (I —TIcx) (c —d—I\/?) (I —=TIcx) (c\/7+l\/?)

2(-d)3 /2 2 (-d)

) Ibcholylog(2, -1+ 2 j
1 —TIcx




Ib (a + barctan(cx) ) polylog| 2,1 — 20(‘ ~d —x\/?) Je
_ (I —=Tcx) (cw/ -d —I\/?)
) (_d)3 /2
1) (a + barctan(cx) ) polylog| 2,1 — 20(‘ ~d +X\/?) Je bzpolylog 3,1 — 26(“ d —x\/?)
4 (I —=TIcx) (c\/-d +I\/?) i (I —TIcx) (c —d—I\/?)
2 (-d)3 /2 4 (-d) "
b2 polylog| 3, 1 — 2¢(J=d +x]7) ]J?
B (1 —1Icx) (c\/ -d +I\/?)
4(-d)3
Result (type 8, 25 leaves):
J(a + barctan(cx) )2
xz(xze—l-d)
Problem 334: Result more than twice size of optimal antiderivative.
Jarctan(x) ln()c2 +1) dx
Optimal (type 3, 36 leaves, 8 steps):
2
-2 xarctan(x) +arctan(x)2 +ln(x2 +1) + xarctan(x) ln()c2 +1) — hl(sz-i_l)

Result (type 3, 1912 leaves):

2

I(1+41x)2 I
csgn o2 csgn o2 arctan(x) T
(x2+1)(1+(1+1x) ] [1+(1+Ix) )
2Tlarctan(x) + Sk 2 Sk
2 2 3
Iln[l+%]ncsgn L1 +1x) S0 ) 5 2)3
" (x2+1)[1+—(1+1x) J Iln[1+—(1+1x) )ncsgn[l[l+—(1+lx) ]]
3 241 + 241 241
2 2
2 23\3
Hn[1+ (12++D1C) Jmsgn I(;J;If) ] (1+10232) (1 +1x)>
- 2 — marctan(x) csgn{l(l +x2—+1) ] csgn[l[l+xz—+l]] — 2 xarctan(x)
) 3
csgn 11 +1x) arctan(x) T
1(1+10)2 ) 14102 )
csgn[%] arctan(x) T (x2+1) [l—l—(xz—x)} 5
— +12 - > +1 — 2 arctan(x) ln[l +%]x—211ﬂ(2)arctan(x)



5  Tarctan(x) csgn[l [1 +

2
—m[1+(i;:?)) + . R +2mﬂ)mam0ﬂx+ﬂnb
L (1+1x)? ]msgn( 1(1+1x) ]csgn[ 1(1+1x)2 )2
241 JZ+1 241
I(1+1x)2 1(1+1x)2 I
e TreeEsl e b owrovre: ]”
241) |1+ |4
( +)[+ £+1J [+ £+1J
2

Imarctan(x) csgn [

L(1+1x) \? (I(I-G-Ix)z]
——— | csgn| ———— | «x
VP +1 ) 41

2 \2
+ITcarctan(x) csgn[ M ] csgn[ MJ X —

Z+1 21 2
212 2 \2
I'marctan(x) csgn[l(l—i—mjj csgn[l(l—i— (1 +1x) ] ]x o2
21 21 ( [ (1+1x)2JJ [ [ (1+Ix)2]]
+ —Irmarctan(x) csgn| I |1+ ———— | |csgn| I | 1 + ¥
2 2 +1 2+

2
I marctan (x) csgn[ T +1x)7 ] csgn
2+l

+ - 241
2
Imarctan(x) csgn L1+ 1s)” 52 | osen I o2 | F
(XZH)[H_UHX) J (1+ (1 +1x) )
N 241 A1
2
2 2 )
n{w%]msgn S ngn(l()lcz—i-lic) ]g ITESS LI
S T A (S T
- 2
2\2 2 \\2
Tarctan(x) csgn[l(l+(1x2+—1x)) ]CSgn(I(l+ (12“‘1?5) )) X
+ £ 5 +1 +2 [—Iarctan(x) + xarctan (x) +ln[l + uj)ln[ AtIx
? 1 V2 +1
3
Imarctan(x) csgn L(1+1x)> T2 | Ly
(P +1) [1+M) Imarctan(x) csgn(l[l+MJ ) X
_ 2 +1 n 241

2 2



2 2
L +1x) ] csgn[ 1 +1x) arctan(x) m

I(
csgn| —————
[ 41 J2 +1

— + csgn(

2\2
I +1x)7 ] csgn[ 1d+1y) arctan(x) T

2 2 +1 m
2
csan 1(1+1x)? - csgn[ 1(1+1x)? ) arctan (x) T
(x2+1)[1+—(1+1x)2) e
2 2
+ Sk . —21n(1+%]+21n(1+%)ln(2)
Imarctan(x) csgn[%]csgn I(1+Ix)2 S csgn I S X 3
241) 14 (1) ) [1 (1 +1x) ) [I(1+Ix) )
) (x* + )( +—x2+1 +—x2+1 _Inarctan(x)csgn —x2+1 X
2 2
(1 +1x)2 (1+Ix)2))2 ( ( (1+Ix)2)2]
IIn| 1 + ——— If14+-—— If14+-——
N n( + 211 ]ncsgn( ( + 211 csgn + 211
2
2 2 2
Iln[l—l—(l—i_—lﬂ}ncsgn(m}csgn I(1+Ix)2 5
2 +1 2 +1 (x2+1)[1+ (1+Ix)2J
2
+ 2 X+ 1 —Iln[l+%)ncsgn(l(l
i Hn(1+<1+_bc)2)mgn[w]2c5gn(wj
+<1+_1>2]) (I[H(H_Ix)z)z) _ © A+l e 2+l
gn
2 +1 21 2
2 2
Iln 1+M mesgn ! csgn I(1+Ix)2
X +1 14102 ) 14102 )
[1+—( x) } (x2+1)(1+—( + 1x) ]
N X +1 X +1
2

Problem 335: Result more than twice size of optimal antiderivative.

Jarctan(x) ln()c2 +1) &

X
Optimal (type 4, 157 leaves, 12 steps):
In(1 +1Ix)%In( —Ix) 4 Iin(1 —1x)%In(Ix)
2 2
1 (In(1 —Ix) +In(1 +1x) — In(x*+1)) polylog(2, —1Ix) " I(In(1 —1Ix) +In(l+1Ix) — In(x% + 1)) polylog(2, Ix)
2 2

+1In(1 —Ix) polylog(2,1 —Ix) —IIn(1 + Ix) polylog(2, 1 +Ix)

— Ipolylog(3,1 —Ix)



+ Ipolylog(3,1 +1Ix)
Result (type ?, 5236 leaves): Display of huge result suppressed!

Problem 336: Unable to integrate problem.

J (a +barctan(cx) ) (d +eln(A2 +1))

3 dx

Optimal (type 4, 138 leaves, 10 steps):

atem(PxP+1)  be(d+em(EP+1))  blarctan(cx) (d+eln(F2 +1))
2 2x 2

(a +barctan(cx)) (d +eln(Zx> +1)) + 1h?epolylog(2, —lcx)  1bc*epolylog(2,Icx)

2x° 2 2
Result (type 8, 28 leaves):

b@emdwhm)+a§emw)—

J(a+barctan(cx)) (d+em(@@+1))
S
Problem 337: Unable to integrate problem.
J (a+barctan(cx) ) (d +eln(g? +1))
x2
Optimal (type 4, 528 leaves, 28 steps):
_g? b 1[—g(‘2"2—+1)J d +eln(g
(et barcan(ex)) (d +einlg +1)) bcln[ r ] (d+eln(gx® +/)) e (d+eln(gx® +/))
X 2 2
cz(gx2+f)) 2 [C(J-_f—w?)]
b lylog| 2, —=——+ g&x Ibeln(1 +1cx)1 Jg
B cepoyog( 12— +_bcepolylog[2,1+ G ) ) ein cx)n T -1V7 g
2 2 27
Theln(1 —Iex) ln[ e (V7 —xVg) )JE Theln(1 —Tcx) ln[ e (VT +xVz) )E Theln(1 +1cx) ln[ (VT +xVz) ]JE
4 e f +1Jg B e —1Jg + e f +1Jg
= = 27
(—cx+I)\/E] [ (cx+I)\/E] [ (1—ch)\/§]
Ibepolylog| 2, ————>2>— | [ Ibepolylog| 2, ———Y°— | [g Ibepolylog| 2, ————Y=— | g
N STvE ) NTE) 1/ T +Vx
N N N
(1+ch)\/E] [x\/E]
Ibepolylog| 2, ————Y2> | [g 2 a earctan Jg
_ e/ Tz ) V7
2V-f V7

Result (type 8, 26 leaves):



J (a+barctan(cx) ) (d +eln(g? +£))

2

Test results for the 23 problems in "5.3.5 u (a+b arctan(c+d x)) " p.txt"

Problem 1: Result more than twice size of optimal antiderivative.
J’(de)c+ce)3 (a +barctan(dx +c¢) ) dx

Optimal (type 3, 64 leaves, 6 steps):

bex _ be (a’x+c)3 _ be3arctan(dx+c) 4 & (dx+c)4(a + barctan(dx +c) )
4 12d 4d 4d

Result (type 3, 224 leaves):

3.4 3 4 3 4 3
d x4ae3 N S 3dx22acze O B B a:dg 4 d arctan(dz+c)x be + P arctan(dx +¢) Sbeé + 3darctan(dx2+c)x2bc2€

3o actan(dyte) bdtd  LPPbS dPbed  xbPS  bAS | bfx | bed | bearctan(dxtc)

+arctan(dx +c¢) xbc 4d 2 4 4 12d 4 4d 4d

Problem 2: Result more than twice size of optimal antiderivative.
J(dex—%ce)(a%—bmcwn(dx—kc))dx

Optimal (type 3, 42 leaves, 5 steps):

_bex4_bemamudx+c)_%e(dx+cﬂ(a+bamdex+cH
2 2d 2d
Result (type 3, 91 leaves):
ae;czd Lacext czc;e i darctan(d)2c+c)x2be +arctan(dx +¢) xbce + arctan(d)zcc—il—c)bcze _ bzex _ b;; n bearcta;iidx—i-c)

Problem 3: Result more than twice size of optimal antiderivative.
J(dex+ce)3 (a +barctan(dx +c¢) )% dx

Optimal (type 3, 143 leaves, 13 steps):
abex b2e3(dx+c)2+b2e3(dx+c)arctan(dx+c) be (dx+c¢)> (a +barctan(dx +¢)) & (a +barctan(dx +¢))?

2 12d 2d 6d 4d
& (clx+c)4 (a +barctan(dx +c) )2 _ b e In(1 + (dx+c)2)

4d 3d
Result (type 3, 542 leaves):

_xabgg +ang
2 2

+

diabcé

+2d2arctan(dx+c) Yabcd + 3 darctan(dx + ¢) Zabde — + 2 arctan(dx +¢) xabd e +d2arctan(dx



2 2 3 2 3 4 3 43 3
—|—c)2xgbzce3+ 3darctan(dx +c) L Pe B darctan(dx+c)x2b cé i d”arctan(dx +c)x"abe n arctan(dx +c)abc’'e abde

2 2 2 2d 6d
i abcé N I T B 3dx*a* P . Pabe +arctan(dx + ¢)2x b2 3 & — arctan(dx +c¢) xb*> 2 & I & arctan(dx + )2 x* b2 &
2d 2 6 2 4
_ dzarctan(dx+c)x3b2e3 _ e3abarctan(dx+c) i arctan(a’x+c)2b2c4e3 _ arctan(dx+c)b2c3e3 i arctam(dx+c)b2ce3 i P
6 2d 4d 6d 2d 4d
pEe ) xb*cd | PxtdS | dP S | arctan(dx+c)xb*e Sbarctan(dx +¢)? S In(1 + (dx+c)?)
T tReCe T T A T I A T 2 4d 3d

Problem 4: Result more than twice size of optimal antiderivative.

J (a + barctan(dx +c))?

dx
dex+ce
Optimal (type 4, 172 leaves, 8 steps):
] 2 (a + barctan(dx + ¢) )Zarctanh(—l + m) B 1b (a+barctan(dx+c))polylog(z, 1 - m)
ed ed
Ib (a + barctan(dx + c) ) polylo (2 —1+;j b? polylo (3 1—;J b? polylo (3 —1+;)
POTYIOR| = 1 +1(dx+o) POYIOR( > T T T (dx+ o) POYIOB| = 1 +1(dx+e)
+ - +
ed 2ed 2ed

Result (type 4, 1432 leaves):

21b2ar0taﬂ(dx+0)polylog[; 1+1(dx+c) ]

2abln(dx + c) arctan(dx + ¢) 4 Tabdilog(1 +1(dx+c)) 1+ (a’x+c)2

de de - P
21b% arctan(dx + ¢) polylog| 2, - 1 +1(dx+c) J
- L+ (dx+c)? ) _ labdilog(1—1I(dx+c¢))  Ib’marctan(dx+c)® | a’In(dx+c)
de de Zde de
b2 polylog| 3, - (1 +I(dx+c))2J 2b2polylog(3,— 1 +1(dx+c) 2b2polylog[3, 1+1(dx+c) J
— 1+(dx+c)2 n 1+(dx+c)2 N 1+(dx—|—c)2
2de de de
(L+I(dx+e))? | I[(1+I(dx+0))2_1J
2 2
152 mesgn 1+ (dx+c) — | esen 1+ (dx+c) _ arctan(dx + )2
|4 (LtI(dxtc)) |4 (U +I(dxte))
+ L+ (dx+c)? 1+ (dx+c)?

2de



(1+1(dx+c¢))? _1) 2

I[
2 2
Ibzncsgn[l[ (1+1(dxtc)) —IJ]csgn 1+ (dx+c) arctan(dx + ¢)?

1+ (dx+c¢)? N (1+1(dx+c¢))?
1+ (dx+c¢)?
2de
1[ (141 (dx+c))? _1) 2
2
Ibzncsgn I 5 | csen L+ (dx+c) 3 arctan(dx + ¢)?
1+ (1+I(dx+c)) 1+ (1+I(dx+c))
1+ (dx+¢)? 1+ (dx+c)?
2de
(I+1dx+e))® Y I((I+I(dx+c))2_1]
2 2
Ibzncsgn L+ (dxtc) 2 csgn 1+ (dx+c) 5 arctan(a’x-l—c)2 )
|+ (1+I(dx+c)2) |+ (1+I(dx+c)2) bzarctan(dx—i-c)zln[ (1+I(dx+c)2) 1
1+ (dx+c¢) 1+ (dx+c) _ 1+ (dx+c¢)
2de de
bzarctan(dx+c)21n 1+ I +1(dx+c) ] bzarctan(dx+c)21n(1— 1 +1(dx+c)
1+ (dx+c)? J1+ (dx+c¢)?
+
de de

(1+I(dx+c))2)
l—l—(a’x—l—c)2 +Iabln(dx+c)1n(l+l(dx+c))

1b?% arctan(dx + ¢) polylog[ 2, -

de de
(L+1(dx+e))® | 2
1% mesgn 1+(dx+c)2 arctan(dx—l—c)2
£ - (1+1(dx+c¢))?
1+ (dx+c)? _ labln(dx+c)In(1 —1(dx+c))
2de de
I[(1+1(dx+c))2_l) 3 (+1dx+e))? | 3
2 2
Ibzncsgn L+ (dxte) 3 arctan(a’x+c)2 Ibzncsgn L+ (dx+c) 3 arctan(a’x+c)2
1+ (1+I(dx+c)) 1+ (1+I(dx+c))
1+ (dx+c¢)? L 1+ (dx+¢)?
2de 2de
I (1+I(dx+c))2_1]
2 2
Ibzncsgn[l[ (1+1(dxtc)) —IJ]csgn ! csgn 1+ (dx+c) arctan(d x + ¢)?
1+ (dx+c¢)? 4 (1+1(dx+c))? - (1+1(dx+c))?
1+ (dx+c)? 1+ (dx+c)?

2de



b2 In(dx + ¢) arctan(dx + ¢)?
+ de

Problem 5: Result more than twice size of optimal antiderivative.

J-(clex+ce)2 (a +barctan(dx +c¢) )3 dx
Optimal (type 4, 254 leaves, 14 steps):

At x+ b3 & (dx + c¢) arctan(dx + ¢) _ bé® (a +barctan(dx +c¢))? _ be? (dx+c)? (a+barctan(dx+c))?

_Ié(a+bmmmwx+cﬂ3
d 2d 2d 3d
b (a + barctan(dx + ¢) )zln( ;]
& (dx+¢)> (a +barctan(dx +¢))> 1+1(dx+c) B ZIn(1+ (dx +¢)?)
_|_ — —
3d d 2d
2 2
15? t lylog| 2,1 — ——=—— 3 & polyl 1l -
~ b g(a+bamade+c)nmyog(, 1+I(dx+c))__b époyogﬂ% 1+I(dx+c))
d 2d

Result (type ?, 3241 leaves): Display of huge result suppressed!

Problem 6: Result more than twice size of optimal antiderivative.

J(dex—i—ce) (a + barctan(dx +¢) )3 dx
Optimal (type 4, 150 leaves, 10 steps):
_31be(a+barctan(dx+c))?  3be(dx+c) (a+barctan(dx+c))?

+ e(a+barctan(dx +¢))?> N e(dx+c¢)? (a +barctan(dx +¢) )3
2d 2d 2d 2d
5 2 3 2
t In[| ——=——— I lylog| 2,1 - ———=——
~ 3be(a+bmcmﬂdx+c))n(l+{(dx+c))-_3 bepoyog(, 1+I(dx+c))
d 2d

Result (type 4, 566 leaves):

3darctan(dx+c)2x2ab2e 3darctan(dx+c)x2a2be 3arctan(dx+c)2abzcze 3arctan(dx+c)ab2ce 3arctan(dx+c)a2bcze
+ + - +

2 2 2d d 2d
1
3Ieb31n(dx+c+I)ln(—(dx+c—1)) 3 5
+3arctan(dx+c)2xab2ce+3arctan(dx+c)xazbce—i- 14 2 _ 3leb In(1 +(dx1—;) )In(dx+c+1)
|
31eb’In(d ~1)In| -= (d I
4 3Ieb3ln(1+(dx+c)2)1n(dx+c—l) _ eb’In(dx+c—1) n( 2 (dx+ec+ )) _ 3d°bce

14 1d 2 d -—3amum(dx-+c)xab2e
N darctan(dx +c¢)> 2 bl e N 3eab?arctan(dx + ¢)? N 3eab?*In(1 4+ (dx+c¢)?) N
2 2d 2d 2d

3ebdarctan(dx +c¢) In(1 + (dx+¢)?) | arctan(dx +¢)3b>Fe  3arctan(dx +c)2b3ce | 3leb’In(dx +c +1)2
+ 2d + 2d B 2d + 8d

3 azbearctan(dx +c)




3Ieb3dilog(—% (dx+c+I)) 3Ieb3dilog(% (dx+c—1))

3 _1)\2 2
14 + 14 _ 3leb m(gz—kc D %—mcmn(dx—%c)3xb3ce—an3ce—-éllglig
_+dfa%z_3amdex+chﬁe_+efamdex+cP +cﬁ¥e
2 2 2d 2d
Problem 7: Result more than twice size of optimal antiderivative.
(a +barctan(dx +¢) )3 &
dex+ce
Optimal (type 4, 256 leaves, 10 steps):
] 2 (a + barctan(dx + ¢) )3arctanh( -1+ m) B 31b (a + barctan(dx + ¢) )Zpolylog[2, 1— m)
ed 2ed
. 31b (a + barctan(dx + ¢) )zpolylog(Z, -1+ mj B 32 (a +barctan(dx +c¢)) polylog(3, 1 - mj
2ed 2ed
352 (a + barctan(dx +¢) ) polylo (3 —1+—————33————j 3147 polylo (4 1—-————35————) 31b° polylo (4 —1+—————33————)
N POYI08| 2, [+1(dxte) ) PR T T 1 dx+o) ) POYI08| % 1 +1(dx+c)
2ed 4ded 4ed

Result (type ?, 2893 leaves): Display of huge result suppressed!

Problem 8: Result more than twice size of optimal antiderivative.
J(a+bMWme+cH3

dx
(dex-i—ce)2

Optimal (type 4, 156 leaves, 7 steps):

2
3b (a+barctan(dx + ({2 - —r=——
_IUr+bmamﬂdx+c)P _ Ur+bmamﬂdx+c)ﬁ I (a arctan(dx +c) ) n( 1—I(dx+c))
dé dé (dx +c¢) dé
2 2
142 lylog| 2, -1 + ———— 3 polyl -1+ —
31b (a+barctan(dx+c))poyog( , -1+ I —1(dxto) ) 3b poyog(3, + I~ 1(dxtc) )
- +
dé 2dé

Result (type ?, 2695 leaves): Display of huge result suppressed!

Problem 9: Result more than twice size of optimal antiderivative.
J(a+bmeMx+cH3

dx
(dex-i-ce)3

Optimal (type 4, 166 leaves, 9 steps):
_31b(a+barctan(dx+c))®  3b(a+barctan(dx+c))?  (a+barctan(dx+c))®  (a+barctan(dx+c))?
2dé& 2dé& (dx +c¢) 2dé 2dé& (dx+c¢)?




2 2
.\ 3b? (a +barctan(dx +c¢) ) 1n(2 - m) B 3Ib3polylog(2, -1+ m)
dée 2dé&
Result (type 4, 630 leaves):
i a _ Darctan(dx+¢)® _ 3ab?in(l + (dx+c)?) | 3ab’n(dx+c) _ 3a’barctan(dx+c) _ barctan(dx +c)’
2dé (dx+c¢)? 2dé 2dé& dé 2dé 2dé (dx+c¢)?
_ 3Parctan(dx+¢)? _ 3barctan(dx+¢) n(1 + (dx+¢)?) | 3% In(dxte)arctan(dx+c) _ 3ab’arctan(dx+c)®  316°In(dx+c+1)?
2dé (dx+c) 2dé dé 2dé 8d &

3Ib3dilog(% (dx+c—I)) 3Ib3dilog(—% (dx+c+l))

_ 31h%dilog(1 —I(dx+c)) 3163 dilog(1 +1(dx+c¢))

- +

4dé 2dé& 4dé 2dé&
n 2»Ib31n(dx-i-c—1)2 . 3a%b _ 3a2barctan(dx+c) _ 3abzarctan(dx—i-c)2 B 3abzarctan(dx+c)
8d e 2dé& (dx +c) 2dé (dx+c)? 2dé& (dx+c¢)? dé (dx +c¢)
I I
1531 —1) In| -— I 1531 ) In| = -1
31 In(dx + ¢ )n( 2(dx+c—|- )J 3Ib3ln(dx+c)ln(1—I(dx+c)) 31 In(dx +c + )n(z(dx—l-c ))
_|_ —_ —
4de 2dé& 4dé
N 316° In(1 + (dx4¢)?) In(dx +c +1) + 31 In(dx+c) In(1 +1(dx+¢)) 318 In(1 + (dx+¢)?) In(dx+c—1)
4dé 2dé 4dé

Problem 13: Result more than twice size of optimal antiderivative.

Jka+bMWme+ﬂ)3M
fx+e
Optimal (type 4, 344 leaves, 2 steps):
3 2 3 2d(fx+e)
] (a +barctan(dx +c)) ln(—l—l(dx—l-c) ) . (a +barctan(dx +c¢)) ln( (cd+1/—cf) (1—1(dxte)) )
S v
31b (a +barctan(dx+c))zpolylog(Z, 1— m) 31b (a + barctan(dx + c) )2polylog(2, 1— (ed+If—2i”§f(xl+—eI)(dx+c)) )
+ 2f B 2f
3b? (a +barctan(dx +c¢)) polylog(3,1 - m] 3 b2 (a +barctan(dx +c¢)) polylog(3,1 - (ed+If—zjf§f(x1+—eI)(dx+c)) )
a 2f * 2f
3 _ 2 3 _ 2d(fx+e)
_-3Ib pdybg(4,l ij:fizzj:;;) +_3Ib pdybg(4,1 (ed-+Lf—qf)(l—I(dx-+c)))
4f 4f

Result (type ?, 4388 leaves): Display of huge result suppressed!

Problem 14: Unable to integrate problem.



J(fx+e)m (a +barctan(dx +c) ) dx
Optimal (type 5, 171 leaves, 6 steps):
24m d(fx+e)
(frte) M (a +barctan(dx+c)) LU hypergeom([1’2+m]’[3+m]’ ed—i—If—cfj
f(1l +m) 2f(ed+ (I1—c)f) (1 +m) (2 +m)

Ibd(fx+e)2+mhypergeom( [1,2 +m], [3 +m], %)

2f(ed— (I+c)f) (1 +m) (2 +m)
Result (type 8, 20 leaves):

_|_

J(fx+e)m (a +barctan(dx +c)) dx

Problem 18: Humongous result has more than 20000 leaves.

arctan(bx +a)
d
c+ —
x2

dx

Optimal (type 4, 510 leaves, 25 steps):

Iln(1+Ia+be)ln[— b (x/=c +d) ]ﬁ
_(+Tla+Ibx)In(1 +1la+1bx) _ (1—Tla—Ibx)In(=I(I+a+bx)) . IV-¢c —ay-¢c —bJd
2¢ch 2¢ch 4(_0)3/2

IIn(1 —Ia —1Ibx) In| - b (x/=c +V7) ]ﬁ In(1 +1a+1bx) ln[ b (x/=c +V7) ]ﬁ
(I+a)-c —bJd IV-¢c —ay-c +bJd
+ J—
4(-e)? 2 4(-e)? 2
IIn(1 —Ia —Ibx) In b (x /= +7) ]ﬁ Ipolylog[z, U—a=bx)J-c jﬁ
_ 1V-c +ay-c +bJd 4 IV-c —ay-¢c —bJd
4(-c)* /2 4(-e)* /2
(I+a+bx)y -c (1 +Ta+1bx)+ -c J [ (I+a+bx) -c
Ipolylog| 2, Jd Ipolylog| 2, Jd I polylog| 2,
4 Iy -¢c +a+ -c —bﬁ] _ [ (1 +Ta)y-c —1bd _ IV-¢c +ay-c +byJd

4(_0)3/2 4(_0)3/2 4(_0)3/2
Result (type ?, 27376 leaves): Display of huge result suppressed!

Problem 19: Result is not expressed in closed-form.

arctan(bx +a)

c+i

X

dx



Optimal (type 4, 612 leaves, 37 steps):

_(+la+lbx)In(l+la+1bx) _ (1—=la—lbx)In(=I(I+a+bx)) | Idin(l+la+1bx)/x

2¢ch 2¢ch A

Idzln(d—i-c\/?)ln{ C(\/ -1—a —\/7\/?) ) Idzln(d—i—c\/?)]n( c(\/ﬂ—kﬁﬁ)
cf-T—a +d\b _Idzln(l—i-la—i-lbx)ln(d—i—c\/?) _ N T—a —dJb
3 C3 c3

Idzpolylog[Z,—ﬁ(d-i_c\/;) ] Idzpolylog 2, - \/?(d+c\/7) ]
n eT—a —d\b ) ldin(l —la—1bx)/x _ eN-1—a —dJb
¢ & &
Idzln(d—i-c\/?)ln[ c( [1-a +\/7\/?) j Idzpolylog[2, ﬁ(d—i—c\/?) ] ZIdarctanh[M]\/I—a
4 cNJT—a —dJb _ eN-1—a +dJb i I[—a
3 3 b
Vb X 2 c(JT=a —ﬁﬁ))
21darctan| ———— |1 +a [d°In\d +cyx ) In
B [\/I+a ] N ( ) [ eyT—a +dJb +1d21n(1—1a—1bx)1n(d+cﬁ)
Ny 3 3
Idzpolylog[Z, \/F(d—i-c\/?) ]
" cyT—a +db
3

c
Result (type 7, 1001 leaves):

arctan(bx +a) x 2arctan(bx +a) d\x I 2arctan(bx+a)d21n(d+c\/?) 1 2
¢ & A ¢

_RI=RootOf (b2 74 —4db?2 P+(22ab+6d2b2) 2 +(-4ab2d—4b2d3) Z+d>A+2ab2d2+b2d4+A)
_RI ln(d—i—c\/?)ln _c\/?+R1_d]+dilog -eyx + RI—d
“RI “RI
"RPb—3 RI’bd+ Rla?+3 RIbdP —ald—bd

7R3ln(c\/?—7R +d)

3 2 2 3
ReRootOf(12 2 —4di2 B+Q2ab+6212) 2il-4abld—a2dB) 24+l A+2ab 22+ a4+ b R —3bd R +Fa R+3bd> R—ac’d—bd

2¢
1 (s5
+ZC(3d[



3 2 2 3
R=RootOf(12 Z—4dB? B+(22ab+6212) Pr(-dabld-4RdB) 7+ A+21abl P42+ b R —3bd_ R +Fa R+3bd> R—add—bd

+%(5d[
Rin(cyx = R+d) ])

n(eyx — R+4d) ])

3 2 2 3
R=RootOf(12 A —-4dB2 B+(22ab+6212) 2+(-4abld-4RB) I+ A+2ab 22 +2ad+d) b R —3bd R +a R+3bd* R—acdd—bd

e
Rin(eyx = R+4d) ])

3 2 2 3
ReRootOf(2 2 —4d12 B+(22ab+620) 2il-dabld—aRd) Z+@A+2ab 22+ d+A) b R —3bd R*+a R+3bd* R—acd—bd

L] g
C

_RI=RootOf (b2 74 —4db2 B+(22ab+6d2b2) 2+(-4ab2d—4b2d3) Z+d2A42ab2d2+p2d4+A)
n(d+eyT) In| 2+ RI=d | 4 gy | —elx + RI—d
RI “RI
"RIPb—3 RI’bd+ Rla?+3 RIbd* —ald—bd

Test results for the 109 problems in "5.3.6 Exponentials of inverse tangent.txt"

Problem 12: Result more than twice size of optimal antiderivative.
T RS
1 +1lax
Optimal (type 3, 73 leaves, 5 steps):

_3laresinh(ax) | 2V@al+1 1P JFal 41 (16=9lax) VP’ +1
3d? 4a

8a* 244*

Result (type 3, 186 leaves):

2
5Tin| 22— + /@ d> +1 / 1V, 1
SIx\/x2a2+1 I \/a2 i ()c2az+1)3 /2 _ Ix(xzaz+1)3 /2 _ (x E) @ +2la (x a)

8a’ 8 a3 /az 34 443 at



Problem 13: Result more than twice size of optimal antiderivative.
\L@a2+l
——— dx
(I +Iax)x
Optimal (type 3, 22 leaves, 6 steps):

-Tarcsinh(ax) — arctanh(xlxza2 +1 )

Result (type 3, 120 leaves):

\/xza2 +1 — arctanh( -
\ﬁga2+l

Problem 14: Result more than twice size of optimal antiderivative.
J2a? +1
——— dx
(1+Iax)f
Optimal (type 3, 52 leaves, 6 steps):

fmmmWff+l)_Jff+l+IWff+l

2 22 x

Result (type 3, 218 leaves):

a? arctanh [ !

e e [Tty

I) )

— |a ) 2

a —I—/(x—l) @ +21a (x—l) 3 1a1n i+\/xzc12—f-1
a 2 /

+_Ia(x2a +1) —1dxyPd+1 — a

Ja ! Ja

Problem 18: Result more than twice size of optimal antiderivative.



J(xzaul)m N

(1+Iaxﬁx
Optimal (type 3, 45 leaves, 8 steps):

2
Laresinh(ax) — arctanh (Y Za2 £1) + A +1

—ax+1
Result (type 3, 256 leaves):

)2 1 I\2 I
—(xzazgl)wz +m—arctanh[ x2a12+1 ]+ 1(()6—;) a2+21a(x—;)J ) [(x—;) a2+21a(x—;))

j3 /2

Problem 19: Result more than twice size of optimal antiderivative.
J(xza2—|-l)3/2 de
(1-+Iax)3f
Optimal (type 3, 97 leaves, 14 steps):
~ 111a3arctanh(w/x2a2+1 ) _ J2d® +1 n 3layx?a® +1 14a*x2d> +1 _ 43P +1

+
2 30 22 3x -ax +1

Result (type 3, 391 leaves):

2

4 xXa 2 2

(x22+1)5/2 162(x22+1)5/2 164(x22+1)3/2 galn[ i aH] 1113(x22—l—1)3/2
e + = - —=axe * —8atx /PP +1 — + 1

30 3x 3 J;T 6

la + - L)
- LN Y SHEPINY
+

JZ 22

8a*In

2 [ 2
+8a4/(x—l) az—i—ZIa(x—l)x—i- 4
a a




1

Eran

11d° arctanh(

L Udyea+1

2 2

16143 [ (x— é)2a2+21a (x— %))3/2

3

Problem 20: Unable to integrate problem.

Optimal (type 3, 204 leaves, 17 steps):

(1 —G-Iax)1 /4

1+1Iax

ErZTn

X

-2 arctan( ) -2 arctanh(

(1—Tax)! 7

ln[l—i- (1—Iax)1/4\/7 +\/1—Iax J‘/T

(1+Iax)1/4 J1+lax
2

Result (type 8, 27 leaves):

_|_

Problem 21: Unable to integrate problem.

Optimal (type 3, 72 leaves, 6 steps):
(1 —Tax)? 4 (1 +1ax)! /4

X

\/x2a2+1 de

X

1+Iax

\Er e

— I a arctan (

2

(1 +1ax)! /4

(1 —Iax)l/4

] —Ila arctanh(

(1 —Tlax)' Ay7

W (1—1lax)' AJ7 L JT—Tax T
(1+Iax)' AN (1+Tax)! /4 JT Flax
(1 —Tax)! 7 2
_ 1 /4
—i—arctan(l - (1(1 -I'_alx) )1 ){‘7 ]\/T—arctan(l +
ax
1+1Iax

(1 +Iax)1/4

(1 —Iax)1 /4

(1 +Iax)1 /A

|

V2



Result (type 8, 27 leaves):
1 +lax

IEr e
x2

Problem 22: Unable to integrate problem.
1 +Tax

ErZTn
b

Optimal (type 3, 99 leaves, 7 steps):

2 arctan[ (1+1ax)' ] 2 arctanh( (1 +1ax)' J
_Ia(l—Iax)3/4(1+Iax)l/4_ (1—Iax)3/4(1+1ax)5/4+ (l—Iax)l/4 I (1—Iax)1/4
4x 22 4 4

Result (type 8, 27 leaves):

1+Iax

IEr e
e

Problem 23: Unable to integrate problem.

3
* dx

J 1 +Tax
J2a? +1
Optimal (type 3, 252 leaves, 15 steps):

41 (1—Tax)' A (1 +1ax)3 /4 L2 -lax)! A +tax)’ (1 =Tax)' A (1 +1ax)7 74 (11 +41ax)

64 a* 442 324%

(U —la0)' AT (1 —Tax)! AyT sl 1 - (1—lax)! AT L T-Tax | 5
123arctan(l 1 tlax) /2 J2 ) 123 arctan TES PRI J2 X n (1+Iax)1/4 — J2

1+

+
128 a* 128 ¢* 256 a*

_ 1 /4 v
1230n] 1+ (L=Ta0)! V2 VT -Tax JZ
(1+Iax)l/4 J1+Tlax

256 a*
Result (type 8, 27 leaves):




/
3 2x3dx

J 1 +Iax
(s

Problem 24: Unable to integrate problem.

5,2
$ dx

J( 1 +1lax
J2a® +1
Optimal (type 3, 273 leaves, 16 steps):

551(1 —Tax)® /4 (1 +1ax)' 74 N 1T (1—Tax)3 4 (1 +1ax)5 7 +21(1+Iax)9/4 1(1—Tax)® 7 (1 +1ax)° /4
8a’ 4q° a3(1—Iax)1/4 3a°

- L/4 _ 1 /4 5 _ 1 /4 5 —
SSIarctan[l— (1 ~lax) /2 ]\/2 55Iarctan| 1 + (1 —lax) /2 ]\/7 SSIln[l— (1 —lax) 1/42 + I —lax V2
_ (1+Ia)c)l 4 i (1+Iax)1 4 I (1 +1Iax) v1+lax
164’ 1643 04

_ /4 —
ss1ml 14+ U lax)' 742 +\/1 Tax /T
(1+Iax)l/4 J1+1lax

3243
Result (type 8, 27 leaves):

5,2
* dx

J 1 +1lax
( J2a® +1

(l—Iax)1/4\/7 Jz
25 (1—Tax)? A +1ax)' A 51 -1ax)* A (1 +1ax)5”  2(1 +1ax) (1 +1ax)! /4
4 q* 2d? az(l—lax)1/4 8 a?

1—Iax1/4 2 (l—Iaxﬂ’qu- V1T -Tax
25arctan[1+ ( (1+Ia)x)1){‘_]\/7 25111[1 (1 +Tax) /2 _'_\/m]\/7

8a® 16 ¢
251n[1+ (1-1ax)! V7 +m]ﬁ

(1+1ax)! /4 JTTTax

16 a*

Problem 25: Unable to integrate problem.
141 5,2
ﬂ) < dr

Nerany

Optimal (type 3, 242 leaves, 15 steps):

9 /4 25 arctan( 1 —

_|_




Result (type 8, 25 leaves):

1 +1 5,2
Jl] cdr
\/x2a2+l
Problem 26: Unable to integrate problem.
! dx
1 +1lax

Ny

Optimal (type 3, 201 leaves, 13 steps):
_ 1 /4 _ 1 /4
| /4 3 /4 Iarctan(l— (1 ~lax) 1){‘7)\/7 Iarctan(l+ (1 ~lax) 1){‘7)\/7
11 —TIax) (1 +Tax) _ (1 +Tax) n (1 +Tax)
a 2a 2a
_ 1 /4 T—Tax _ 1 /4 T —Tax
Il 1 — (I —Tax) 12§-+_ 1 —Tax J7 In 1+_(1 Tax) 1}??_+ 1 —Tax 7
B (1 +Iax) J1+lax n (1 +1Iax) J1+lax
4a 4a
Result (type 8, 23 leaves):
! dr
1 +lax
\ﬁ@a2+1
Problem 27: Unable to integrate problem.
! dx
1 +lax
—_— X
J2a +1
Optimal (type 3, 204 leaves, 17 steps):
(1—Tlax)' Ay2  JT—Tax
(l+Iax)1/4 (l+Iax)1/4 (1 +1Iax) Jv1+Tlax
2 arctan T 1Al 2 arctanh | T
(1 —TIax) (1 —TIax) 2
ln{l—i— (1—Iax)1/4)/7 _i_\/l—lax ]\/7
1 +1ax)! 74 M +Tax _ 1 /4 _ 1 /4
+ ( ) I +lax —arctan(l— (1~ lax) 1){‘7 \/7+arctan 1+ (1 ~lax) 1){‘7
2 (1 +Tax) (1 +Tax)

Jz



Result (type 8, 27 leaves):

dx
1 +1lax
—_— X
\/x2a2+l
Problem 28: Unable to integrate problem.
1
dx
[ 1 +lax 3/2
x2a +1

Optimal (type 3, 201 leaves, 13 steps):
4

| /4 3Iarctan[1— (

1—Iax |+ (1—Iax)1/4\/7]\/7

JZ
7 31
C1(1—Tax)3 A (1 +1ax) (1 +Tax)! /A ]J_ aretan (1 +Tax)! /A
a 2a 2a
- 1 /4 = — 1 /4 =
31 1 - (L=Tax) 1/{7 L T—Tax ]JT 3Iln[1+ (1 —lax) I/JF L T—Tax ]JT
i (1 +Tax) V1 +lax (1 +Tax) V1 +lax

da B da
Result (type 8, 23 leaves):

( 1+Iax 3/2

\/xzaz—l-l

Problem 29: Unable to integrate problem.

1
1 +1Iax ]3/2
 — X

Veramy

| — (1—Iax)1/4\/7+\/1—1ax J7
(1+Iax)1/4 J1+lax

2

dx

Optimal (type 3, 204 leaves, 17 steps):

In

(1 +1ax)! /4 (1+Iax)! 7
—2arctan(mj —Zarctanh( (1 —1lax)! /4 +




ml 1+ (1—Iax)1/4\/T +\/l—Iax ]\/7

1+Iax 1 /4 / — 1 /4
— ( ) I +lax —arctan| 1 — (1 —lax) )/7 \/7+arctan 1+
2 (1 +1ax)' 74
Result (type 8, 27 leaves):
1
dx
1 +Tax ]3/2
— X
\/x2a2+1
Problem 30: Unable to integrate problem.
1
32 dx
x2

( 1+Iax

Nerarey

Optimal (type 3, 72 leaves, 6 steps):

(1—Tax)' Ay7

(1 +Iax)1 /4

_ 3 /4 1 /4 1 /4 1 /4
(1 —lax) (1 +Tax) +3Iaarctan[(lde)l/4]+3Iaarctanh[(lde)l/4]
X (I =Tax) (I =Tax)
Result (type 8, 27 leaves):
1
dx
( 1 +lax 3/2x2
\/x2a2+1
Problem 31: Unable to integrate problem.
1
dx
( 1 +Tax 5/2x4
J2a* +1
Optimal (type 3, 151 leaves, 10 steps):
1+Iax)1/4J
5514° arctan (A tlax) 77
2871 (1 —1ax)' 4 (1—lax)' 7 131a (1 —Tax)' 7 61d% (1 —1ax)! /4 ((1—1”)1/4
24 (1 +1ax)! 74 38 (1+1ax)' 4 122 (1+1ax)' A 24x(1 +1ax)! 7 8
1 /4
5514° arctanh[%)
_ (1 —Tax)'7*
8

Result (type 8, 27 leaves):

V2



1

dx

( 1 +Tax 5/24
e X
NEa
Problem 32: Unable to integrate problem.
J[ L+l V1A
V2 +1
Optimal (type 3, 188 leaves, 14 steps):
—1x)! /6 —1x)! /6 1l /6
ZIarctan((lI—x)l%] Iarctan[%— 3] Iarctan[% +\/?J
T(1—1x)5 /8 (1 +1x)1 /6 & (;“x) 4 (1+13x) N (1+I3x)
_ 1 /3 _ 1 /6 _ 1 /3 _ 1/6
14 O Ix)/_(l Ix) FJJ? Iln[l—i-(l Ix)/ (1—1Tx) /JT]E
N (1+1Ix)' 73 (1+1Ix)' 70 3 (1+1Ix)' 73 (1+1Ix)' 70
6 6
Result (type 8, 18 leaves):
J[ L+lx V1A
V2 +1
Problem 33: Unable to integrate problem.
[ 1 4+1x |17
V241 &
X
Optimal (type 3, 324 leaves, 25 steps):
—_1 1/ _ 1/6 11 /6 1 /6
—Zarctan((ll—x)l%] —arc’[an[z(l$l/6 —\/_J —arctan[ % +\/?J —2arctanh[ Lx)l/éj
(1 +1Ix) (I +1Ix) (1 +1Ix) (1 —1Ix)

ln(l— (1+1x)1;2 (1+Ix)ij§) ln[ (1+Ix)i;: N (1+Ix)12] [1_ 2(1+Ix)11/:6]ﬁ
4 (1 —1Ix) - (1 —1Ix) (1 —1Ix) ) (1 —1Ix) 4 arctan (1—I3x) J3
1/6 11 /3 _1.\1 /6 11/ _ 1/6
(1+2(1+Ix)1/6 Jﬁ o 14 L= (11 I/J()?]ﬁ ln[1+(l L) /Ly (L= L) I/J;JE
retan (1—I3x) g (1+1x) : (1+1x) N (1+1x) . (1+1x)

Result (type 8, 22 leaves):



[ 1 +1x ' 73

ey

Problem 34: Unable to integrate problem.

[ L+Ix \' 7

ey

2

Optimal (type 3, 188 leaves, 13 steps):

|

(l+Ix)1/6] { (1+1x)! /0 (l+Ix)1/3) ( (1+10)' 76 (1+10)! 753
2 larctanh| ————— Iln| 1 — + Iln| 1 +
NI ORI A ((I—Ix)1/6 N (1—-10'% (- A) (1—1x)1 76 (1—1x)! 73
X 3 6 6
1 /6 1 /6
Tarctan ( 3x) \/? Tarctan ( 3x) \/T
+ 3 B 3
Result (type 8, 22 leaves):
[ L+1x )17
\/xztzl &
Problem 35: Unable to integrate problem.
[ | +1x \! 73
\/sz;l &
Optimal (type 3, 205 leaves, 14 steps):
arctanh[ (1+Ix)1/6] ln[l— (1+10)' % (1 +10' 7
_(1—Ix)5/6(1+1x)7/6_I(l—Ix)5/6(1+Ix)1/6+ (1—1x)' ) (1—1x)' % (1-10)' 7
22 6x 9 36



2(1+10)! 2 (1 +1x)! /6
R LD S, NV 2B 3
1+10)' 4 (1 +10)! B ( (1—1x)! /0 J (1—1x)! /5
N ln(l + ” —Ix)1/6 + (1 —Ix)1/3 arctan 3x V3 . arctan 3x V3

36 B 18 18
Result (type 8, 22 leaves):

[ 1 4+1x \1 73
VP41 &
S
Problem 36: Unable to integrate problem.
2 /3
2 dx

J[ 1 +1Ix
V2 +1
Optimal (type 3, 125 leaves, 5 steps):

(1—1x)! /3

11| 1+
I -2 AU +I0 A 10— A 410t A N (1-10)28 (1 +10)*Bx N ! (1+Ix)1/3j L 1din(1 +1x)

27 9 3 27 81

J3 2(1—1x>‘/3ﬁ]ﬁ

22 T arctan —
3 3(1+1x)! /3
81
Result (type 8, 22 leaves):

_|_

2 /3
* dx

J( 1 +1x
V2 +1
Problem 37: Unable to integrate problem.

2 /3
dx

i

Optimal (type 3, 87 leaves, 3 steps):

2 T arctan

J3 20— AyF /T
(1—Ix)1/3)_ In(1 +1x) 3 3(1+1x)! /3
(1+1x)! 73 3 3

1(1 —Ix)2/3(1+1x)1/3—11n[1 +

Result (type 8, 18 leaves):

2 /3
dx

(7



Problem 38: Unable to integrate problem.

[ 1 +1x (273
VX2 +1 &
x2
Optimal (type 3, 84 leaves, 3 steps):
113
2 /3 1 A 2 Tarctan \/3?4-2(1 1x) 1/\é? 3
_(l—I)C) (1+Ix) +Iln((1—Ix)1/3—(1+1x)1/3)— Iln(x) + 3(1+Ix)

X 3 3

Result (type 8, 22 leaves):
2 /3

1 +1Ix
[m
x2

Problem 39: Unable to integrate problem.

{ 1+1Iax 1/

NEra

X

Optimal (type 3, 636 leaves, 39 steps):

In

1+ (1+Iax)1/4 (1+Iax)1/8\/7J\/7

1/8 1 /8 _ A — A
—2arctan(%)—2arctanh( E1+1ax;1/8)+ (1 —Tax) 5 (1 —Tax)
—lax —lax
(l+Iax)1/4 (1+Iax)1/8\/T
ln{1+ + J2
(1—Tax)' 7 (1—lax)! /8 (1 +1ax) Y7 (1 +Tax)! YT
5 +arctan| 1 — (1—Iax)1/8 J2 —arctan| 1 + (1—Iax)1/8 J2

_ /A _ /A
2(1—TIax)! 8+m 2(1 —1Iax)! 8+m

1/8 1/8
+ arctan (1 +1lax) V2 —=2 —arctan (1 +1lax) J2—=42

J2 -2 2-J2
ln[l—!— (1-Iax)' A (1—lax)' BJ2-JT ] > w1+ (1 —Tax)! 7 N (1—Tax)' A2 -7 J 75

(l+Iax)1/4 (1+Iax)1/8 i (1+Iax)1/4 (1+Iax)1/8

2 2



_ 18 _ 1A
20 -lan)! B AT 2(=lax) 7 [ /7

(1+Iax)1/8 2+ — arctan (1+Iax)1/8

J2+V2 242

—+ arctan

J24+y2

w1 (1-Iax)' A (1—Iax)' BJ24+JT Tr/T 14 (1—Tax)' /4 N (1—Tax)' A2 +y7 e
(1 +1Tax)! /4 (1+1ax)! /8 N (1 +1ax)! /4 (1+1ax)! /8
2 2
Result (type 8, 27 leaves):
[ 1 +lax 1 /4
\/x2a24-1 e
X
Problem 40: Unable to integrate problem.
[ 1 +lax 1 /4
2
\Lgcz¥:l e

Optimal (type 3, 271 leaves, 17 steps):

a? arctan[ M] a? arctanh( M)
Ia(l—Iax)7/8(l+1ax)1/8 _ (1—Iax)7/8(1+1ax)9/8 i (l—Iax)l/8 i (l—Iax)l/8

8x )2 16 16
5 {1_ (1 +1ax)! Ay7 /T darctan| 14 (1+Iax)1/8\/7J\/7 2l 1+ (1 +1ax)! 7 (1+Iax)1/8\/7)\/7

a” arctan

~ (1—lax)' /8 . (1—Tlax)' /8 ~ (1—Tax)' A (1-lax)' 8
32 32 64
2 (1+Iax)1/4 (1+Iax)1/8\/TJ
a“ln|l 1+ + 2
+ [ (I—Iax)1/4 (I—Ia)c)l/8 vz
64
Result (type 8, 27 leaves):
[ 1 +lax 1 /4
\/x2a24-1 e
S

Problem 41: Unable to integrate problem.



1+Iax

Jmex2a24-1 d

Optimal (type 5, 70 leaves, 4 steps):

1 1 m][3_ m| _2o~° +m 1 m ml 22
+2],[2+2}, xza) Lax? hypergeom([2,1+ },[24—2], Za

14+m
h
X ypergeonl( ) >

1 +m 24+m
Result (type 8, 26 leaves):

1+Iax

Jxmdx2a24-l dr

Problem 42: Unable to integrate problem.

X"
1+Iax

Nrraey

dx

Optimal (type 6, 30 leaves, 2 steps):

xLH%ﬂdeU(l-+m,%,—532-+m,—lamlax)
1 +m

Result (type 8, 27 leaves):

X"
1+Iax

Nrraey

dx

Problem 43: Unable to integrate problem.

X"
[ 1+Iax

Nrraey

dx

32

Optimal (type 6, 30 leaves, 2 steps):

xLH%ﬂdeU(l-+m,%,—%32-+m,—lamlax)

1 +m

Result (type 8, 27 leaves):



X"
[ 1+1Iax

Ny

dx

3

Problem 44: Unable to integrate problem.

1 /4
X" dx

J[ 1 +lax

\ﬁga2+1
Optimal (type 6, 30 leaves, 2 steps):

1 1
—, —,2+m, —lax,lax
8 8 )
+m

x1+mApdeU(l-+nu—

1

Result (type 8, 27 leaves):
1 /4
X" dx

J 1 +1Iax
[\L@az-kl

Problem 45: Unable to integrate problem.
Jeln arctan(a x) x2 dx

Optimal (type 5, 125 leaves, 4 steps):

-2 1+2 -2 1+2
In (1 —Tlax) 2 (1 +Tax) 2 +'x(l—lax) 2 (I +Tax)
64> 34°
n 1=
122 (n2+2) (I —Tax) 2 hypergeom([—%,l—%], 2—% ,%—I;—x)

3a° (2 —n)

Result (type 8, 15 leaves):
Jeln arctan(a x) x2 dx

Problem 46: Unable to integrate problem.
Jel n arctan(a x) x dx

Optimal (type 5, 85 leaves, 3 steps):



o

n
(1—-Iax) 2% (14+Iax) 2 n( ax) ypergeom > >

24d? a2(2-—n)

Result (type 8, 13 leaves):

J eI n arctan(a x) x dx

Problem 48: Result more than twice size of optimal antiderivative.

J 1 +1(bx+a)

Jl+%bx+aﬁx

dx

Optimal (type 3, 68 leaves, 8 steps):

2mmmh[JI+aJl+Ia+Ihx] >

JI—a 1 —la—1bx

JI+a

larcsinh(bx +a) —

Result (type 3, 156 leaves):

I1bIn

2
Yxtab | 2P t2abxtd 1 j Hn[ 2% +2+2abx+2Jd> +1 JPb +2abx+d +1
lb2

x
JZT Ja& +1

ln( 2a* +2 +2abx+2Ja*+1 J2b: +2abx+a* +1
X

Ja2+-1

Problem 49: Result more than twice size of optimal antiderivative.

J (1+1(bx+a))?
(1 + (bx+a)?)’ 24

Optimal (type 3, 266 leaves, 8 steps):

(111—18a — 614%) b3 arctanh yit+a y1+la+1bx J
i VT=a yT-Ta=Tbx ) , (524511a=2a") 0> yT+Ta+Thx _ _(1—a)T+Ta+Tbx
(1—a)* 2 (1+a)® /2 6(1—a) (I+a)*VT-Ta—Tbx 3 (1+a) VT —Ta—Thx
N 7161 +1a +1bx N (194 161a) b1 +1a +1bx
6(I+a)>2Jy1T —1a —1bx 6(1—a) (I+a)’xyT —1a—1bx

Result (type ?, 2623 leaves): Display of huge result suppressed!




Problem 50: Result more than twice size of optimal antiderivative.

Jx?’\/l—i-(bx—i-a)z &

1 +1(bx+a)
Optimal (type 3, 163 leaves, 7 steps):
~(31—-12a —121d® + 84®) arcsinh(bx + a) + 2(1—Ta—1bx)3"2yT+1a +1bx

8 b* e
B (1—Ta—1bx)372(7+101a—18a*> —2 (1—6a) bx)JT +1a +1bx _ (34121a—1242—81d°) JT—Ta —1bx J1+1a +1bx
24 b 8 b

Result (type 3, 893 leaves):

2
bxtab | 2P toabxtd 1

3In a
_3\/x2b2+2abx+a2+1xa _ ( J b?

_ 3\/x2b2+2abx+a2+l a?

25° N 25
3&/#(x—l_a)2+2w(x—l_a)a %/#(x—l_a)2+2w(x—l:£)a2
3 b b N b b 3132 +2abx+d +1
b* b* 2 b
2
stin| 225149l | T et 2 41 I/b2 (x_ - )2+21b(x_ I—a) A
N S1J2 b2 +2abx+a*+1 a N J b2 N b b
8b4 8b3 /b2 b4
[—a
15 + b? (x— ) 5
In b +/b2(x—l_—“j —I—2Ib(x— I_“) @
\/b_z b b
b b?
Ib+b2(x— I;a) — —
31n +/b2(x——a) +2Ib(x— a] a
\/b_z b b
_|_
b b?
I—a
1h+5% | x—
(x b ) 2 _ [—a 2 _ I—a
Iln + /b | x 3 +21b | x b 3 3
_ J b? __U(fb2+2abx+a2+1) _¥(fb2+2abx+a2+1)
b B2 4b° 3p%
_|_SIa()czbz+2abx+az+l)3/2 +51Jﬁb2+2abx+a2+1x__3hﬁJﬁb2+2abx+a2+1x

4p* 8 253



I—a
b +}/bzbr—L%£] +21b(x— L;a) a* 3hﬁm(é4liﬂé-+Jfb2+2abx+a2+l

31In
N S ~ Jb*
=N 2037
/bz( I—a J2+21b(x— I “)
b

Problem 51: Result more than twice size of optimal antiderivative.

1+ (bx+a)?
(14+1(bx+a))x*

dx
Optimal (type 3, 226 leaves, 7 steps):

(2a-+l(—2a24—1))b3mcmnh[ JItayl+la+lbx ]
JI—aJ1—1la—1bx J1—la—1bx1+la+1bx (3—21a)b1—la—1bx1+1la+1bx
7/ 5,2 B + 2
(I—a) 7?2 (I+a) 3(14+1a)x 6 (1—a)?(I+a)x
(4-91a—2a*)b*J1 —1a —1bx J1+1a +1bx
6(1+1a) (a®+1)*x
Result (type 3, 1737 leaves):
1b+b2(x—l_“j - > -
4 2 _Lt—a _L—a _ 2 _
b*In = +/b (x 3 ) +2Ib(x 3 ) Ib3/b2(x—1ba) +2Ib(x—1ba)

(1—a)*{p? (I1—a)?

+

2 ) 5 5
)3/2 182 +1 m(“ +2+2abx+2Jd>+1 JPb* +2abx+d> +1

+Ib3\/x2b2+2abx—l—a2+1 _1(2P*+2abx+d +1 X

(I—a)? 3(1—a) (*+1)2° (1—a)*

153 1n Zf-%2+2abx+2Ja2+i Jﬁb2+2abx+a2+l )
B X +Ia”ﬁJﬁb2+2abx+az+l
3
2(1-a)2Ja® +1 (I—a) (a®+1)

1532 +2abx+a*+1
2(1-a)?(a®>+1)

2a2+2+2abx+2JaL+lJfb2+2abx+a2+l

153 21(
Ib()c2b2+2abx+az+1)3/2 _Ib%ﬁJﬁb2+2abx+a2+l @ X
2(1-a)*(a*+1)x (1—a)? (& +1) 2(l-a)2 (2 +1) 7"




2
[p41n| LZXTab +Jx2b2+2abx+a2+1J o
+Ib4\/x2b2+2abx+a2+1x J b2 10 (b +2abx+d> +1)
(I—a)3(a2+1) (I—a)3(a2+l) [52 (I—a)s(az-i-l)x

”Pam(2a2+2+2abx+2Jf—FlJfb2+2abx+a2+l
X

2Uﬁanb2+2abx+a2+l

+ 3 (2 B
(I-a)®(a® +1) (1—a)3Ja® +1
2
1b*aln é—x—iﬂé--l-\/xzbz+2abx—|—az+1] Ia3b3ln(2612-+2+2abx—|-2\/az+1<\/x2b2+2abx+az+l
J b X
+ 4 5 - _ 2 5/2
(1—a)*Jb 2(I-a) (a*+1)

Iab%n[2a2+2-+2abx+2Ja2+l Jfb2+2abx+a2+l
X

__hﬂﬁJfb2+2abx+a2+l 4 )3ﬂ

+Iab(fb2+2abx+a2+l

2(1—a) (@ +1)* 2(1—a) (2 +1) 7 2(1—a) (@ +1)%2
2
h Ia“b“ln[M + V20 +2abrtd +1
_ 1d*p* (PP +2abx+d>+1) N J b2 +Ia2b4\/x2b2+2abx+a2+1x
3 3
2(1—a) (& +1)°x 2(1—-a) (@ +1)* /P2 2(1-a) (a+1)
2 2
12ptm| X9l ST o abrt 2 1 12 ptm| X Tab +Jx2b2+2abx+a2+1J h
N J b? B Jb? L 1620 (P62 +2abx+a>+1)
2
2(1—a) (@ +1)° VP2 2(1—a) (@ +1)*Jp2 2(1—a)?(a®+1)"x
2 2
e m| ZXTab ST o abrt 2 1 Ib“aln[M + V2 +2abrtd +1
3 J b _1b*a PV +2abx+d +1x Jb
2
2(1-a)? (2 +1)2 /P2 2(1—-a)? (a* +1) 2(1-a)? (2 +1)* /P2
2 2
Ib“aln[M +J2 +2abrtd +1 ] Ib“azln[M + V20 t2abrtd +1
+ /8 + /2
2(1—a)? (&> +1) b (I1—a)’ (a®+1)b?

Problem 52: Result more than twice size of optimal antiderivative.

Jx2(1+(bx+a)2)
(1+1I(bx+a))?

dx

Optimal (type 3, 52 leaves, 3 steps):
2(14+1a)x 12 X 2I(01—a)’In(l—a—bx)

b2 b 3 b3

Result (type 3, 142 leaves):



2 _ 12 2lax | 2x  2arctan(bx+a)a® _ In(2b?+2abx+a’+1)a® _ 2arctan(bx+a) _ Alarctan(bx+a)a
3 b b? b? b b b b
N In(:?p* +2abx+a*+1)  2In(2h +2abx+d®+1)a
b b’

Problem 53: Result more than twice size of optimal antiderivative.

J Lt (bxta)®
(14+1(bx+a))*s
Optimal (type 3, 74 leaves, 3 steps):
1-a _ 21b _2b21n(x)+2b21n(1—a—bx)
2(I1—a)x*  (I1—a)’x  (1+1a) (1+1a)’
Result (type 3, 245 leaves):
Ibzln(x2b2+2abx+a2+1)a n bzln(x2b2+2abx+a2+l) . 2b2arctan(bx+a)a ZIbzarctan(bx—i-a) . 143 " a*
(I1—a)* (I—a)? (I1—a)* (I1—a)* (I—a)*2  2(1—a)*s?
_ la B 1 _ 21 In(x)a _ 2b*In(x)  21bd? 21h 4ba
I1-a)*2 2(1—a)*s (1—a)* (1—a)* (I-a)*x  (I-a)*x (I1—-a)*x

Problem 54: Result more than twice size of optimal antiderivative.

f(ﬁ+wx+aﬂﬁ/2®
(14+1I(bx+a))?

Optimal (type 3, 262 leaves, 9 steps):
3(19 +681a — 88> — 481a> +84*) arcsinh(bx +a) . 21x* (I —1a—1bx)*72  3(171—16a)2 (1 —la—1bx)3 2T +1a +1bx

80° byT+1a+1bx 206°
11 —la—1bx)3 2T +1a +1bx L —Ta—Tbhx)3 72 (163 +458Ta —4224> —1121a® —2 (611 — 118a — 521a?) bx) y1 ¥ Ta +1bx
55% 40 b
R (191—68a—881a2+48a3+8Ia54)\/1 —Ta —Ibx 1 +1a+1bx
8b

Result (type ?, 2057 leaves): Display of huge result suppressed!

Problem 55: Result more than twice size of optimal antiderivative.

P(L+Mx+aﬂf/2&
(1+1(bx+a))’

Optimal (type 3, 200 leaves, 8 steps):



3(171-44a —361a> +84*) arcsinh(bx +a) | 215 (1 —la—1bx)37"2 92 (1 —la—1bx)* 2T +1a +1bx

g b* bJT+1a+1bx 4p?
1@ —Ta—1bx)3 72 (291 —54a —221a* +2 (11 +101a) bx) Y1 +1a +1bx L3 (17 +441a — 364> —81a°) V1 —1a —1bx 1 +1a +1bx
8 b* 8 bt

Result (type 3, 1528 leaves):

I—a \? Il—a I—a )2 Il—a
61 [ b*|x— +21b | x— 271 b2( — ) +21b( - ) 3
/ (x b ) (x b )x . / ¥ b * b ¢ I)c(x2b2+2abx+az+l)3/2

+
b 2p4 453
_i_Ia()c2bz-|-2abx+az+1)3/2 +3Ix\/x2b2+2abx+a2+1 +31a\/x2b2+2abx+a2+l
4p* 8 8 p*
2
31| 22XFAb | ST D e+ 2 A s [—q\2 1—a\Y 72 4
5 b | x— +21b | x— — a
Jb b b
+ + 3
85222 7L e)
b b
_ N2 _ 5/2 N B 5,2
3(b2(x—1 “) +2Ib(x—1—a)) a I(bz(x—l—a) +21b(x—l “j)
3 b b N b b
3 3
7(,_ 1, a (.1, a
b (x b + b) b (x b + b)
—— 2 — 2 _ 3 /2
3 bz(x—I a] +21b x—I a)xa3 2I(b2(x—1 a) +21b(x—1—a)) a
N b b B b b
b p*
2 _ 3 /2 — —
11 bz(x—l “J 421 [x— 1 “)] a 61 /p(x—1 “) +21b(x—1 ") a
N b b N b b
p* p*
Ib+b2(x—1ba) — 1
2 a _ a 2
61In = +/b ( ] +2Ib(x ; ) 33/b2(x_1 a) —i—ZIb(x—I a)xa
_|_ \ —
3B 2p3
2 _ 5 /2 2 _ 3/2
9(b2(x I “) +2Ib( —I—)) a2 4(b2(x I “) +2Ib(x—l—aJ)
+ +




b4 6 I a 2
b P -
(x b+b)
2 _ 3 /2 2
9(1)2( I a) +21b(x—1—)) a? 271/[)2[x—I a) —I-ZIb(x—I a)xa2
- X - 25
2 _ 5/2 2 B 5,2
3I(b2(x—1 ") +21b(x—1—]) 2 21[172( _ 1 “J +21b(x—1 “JJ a
3 2
7(,_ 1 a 6,1 _ a
b (x b + b) b (x b + b)
I—a
Ib+b2(x— ) 5
12I(b2(x—l “]2+21b(x—1_“jj5/2 2711 b +/b2( ! “) +21b[ 1 “) o
3 b Jb?
2
bé(x—%+%J 265’
1b+b2(x—12“) - > -
I—a )2 I—a 31n + [0 x——2 +21p|x— —2 ) |3
33/b2(x— )+21b[x— )az / ( ) (
_ 4 J b2
4
2b » /bz
I—a
Ib-l—bz(x— ) 5
331n b +/b2(x—l_—“j +2Ib(x—l_a) a
\/b_z b b
253 b?

Problem 56: Unable to integrate problem.

dx

J 1+1(bx+a)

X
J1+ (bx+a)?

Optimal (type 3, 313 leaves, 14 steps):

(1—Tla—1bx)' AJ7 T
(1—41a) (1 —Ta—1bx)3 4 (1 +1a+1bx)' 7 N (1—Ta—1bx)3"4 (1 +1a+1bx) 7 (1+1a+1bx)! 7
4 b? 2b? 8 b2

(I —41Ia) arctan| 1 —




la—The)! /4 | —Ta—1bx)! Ay2  JT=Ta—1b
(1—4Ia)arctan 1+ (1 la be) )/7 \/7 (1—410)11’1 1 — ( a X) 1}{‘— + a X \/7
N (1 +la+1bx)' 7/ N (1 +1a+1bx) J1+Tla+1bx
8 H? 16 b?
(1—4Ia)1n[1+ (1-la—1bx)' A2 | T-Ta—Tbx ]ﬁ
(1+la+1bx)' 4 TFTaT1ox

16 b*

Result (type 8, 28 leaves):

1+1(bx+a)

X
J1+ (bx+a)?

|

Problem 57: Unable to integrate problem.

1 +1(bx+a)

J1+ (bx+a)?
x2

Optimal (type 3, 159 leaves, 6 steps):

I+a)' A (1 +1(bx+a))'

dx

dx

I+a)' A (1 +1(bx+a))'

(I—a)! A (1—1(bx+a))' 7

1b h
J N aretan [ (I—a)' A (1 =1(bx+a))! /4

15 arctan

(I+a+bx)(1+l(bx+a))1/4+ (
(I+a)x(1 —I(bx+a))1/4

Result (type 8,

(I—a)3(1+a)5 7

30 leaves):

1 +1(bx+a)

J1+4 (bx+a)?
x2

Problem 58: Unable to integrate problem.

1+1(bx+a)

J14 (bx+a)?

Optimal (type 3, 381 leaves,

(1714364 —241a%) (1 —Ta —1bx)' 7 (1 +1a +1bx)3 /4

15 steps):

(1—a)3 4 (1+a)5

dx

J3 /2x2dx

(31+8a) (1 —Ta—T1bx)! (1 +1a+1bx)7 /4

24 b3

1263



g — 1 /4
(17I+36a—241a2)arctan(l— (1 —la—1bx) 1/{17 JZ
(1 +Ta+1bx)

x(LJa—MxﬂA(LHa+MxﬂA_+
3p% 16 b°

g — 1 /4
(171 + 364 — 2414%) arctan| 1 + U —1a=10%) I/JFJJT
(1 +Ta+1bx)

_|_

16 b

—la-— 1/4 JT=Ta=Thx
(1714364 —2414%) In| 1 — L= Le=1b%) 1/{;7+ [-Ta—Tbx | ~
(1+Ia+1bx) 1 +Ta+1bx

325
T — 1 /4 JT—Ta—1bx
1714360 —241a2) n| 1 4 U =Ta=16x) Y2 | JT-Ta—Thx | />
1 /4
(1 +Ta+1bx) T+1a+1bx

32
J[ 1 +1(bx+a) )3/2x2dx
14 (bx+a)?

+

Result (type 8, 30 leaves):

Problem 59: Unable to integrate problem.

( 1 +1(bx+a) ]3/2
2

1+ (bx+a)

3 dr

Optimal (type 3, 160 leaves, 6 steps):

(I+a)' (1 +1a+1bx)! /4 +a) A1 +1a+1bx)! A

) 3 1b arctanh (

I—a)' A (1 —1a—1bx)' /4

31barctan
(1-Ta—T1bx)' A (1 +1a+1bx)3 4 [ (I—a)' (1 —1a—1bx)' 74

+

(1—Ta)x (I—a)! 7 (1+a)7 7 (I—a)' 7 (1+a)7

Result (type 8, 30 leaves):

[ | +1(bx+a) ]3/2

1+ (bx+a)?

3 dr

Problem 60: Unable to integrate problem.



L dx

1 +1(bx+a)
J1+ (bx+a)?
Optimal (type 3, 257 leaves, 13 steps):
P 1 /4 T 1 /4
| Ja 3 /4 Iarctan[l— (1 =la=1bx) 1){17]‘/7 larctan| 1 + (1 —la—1bx) 1f]ﬁ
1(1 —Ta—1bx) (I +TIa+1bx) _ (I +Ta-+1bx) i (I +Ta+1bx)
b 2b 2b
g — 1 /4 JT—Ta—Tbx Ty — 1 /4 JT—Ta—Tbx
il 1 - (L=Ta—1bx) L£5'+ 1 —Ta—1bx /T I+ (1 —TIa—1bx) l)f?_+ 1 —Ta—1bx Y63
B (I +Ta+1bx) V1+Ta+1bx + (I +Ta+1Tbx) JI+T1a+1bx
4b 4b

Result (type 8, 26 leaves):

1

/ 1+1(bx+a)
1+ (bx+a)?

dx

Problem 61: Unable to integrate problem.

1
1+1(bx+a) 2

J1+ (bx+a)?

(I—a)' 4 (1 —1(bx+a))' 7 (I—a)' 4 (1 =1(bx+a))! 7
(I1—a—bx) (1—1(bx+a))' U+a)' A (1 +1(bx+a))' /A I+a)' A (1 +1(bx+a))' 7/

dx

Optimal (type 3, 164 leaves, 5 steps):

15 arctan ( ] 1 b arctanh [

(I—a)x(1+1(bx+a))' A (1—a)’ A (1+a)3 (1—a)5 A (1+a)3 /4
Result (type 8, 30 leaves):

1
1+1(bx+a) 2

J1+ (bx+a)?

dx

Problem 62: Unable to integrate problem.



x2
[ | +1(bx+a) ]3/2
2

1+ (bx+a)

dx

Optimal (type 3, 381 leaves, 15 steps):
(171364 —241a) (1 —la—1bx)3 7/ (1 +1a +1bx)! /4 L (B1-8a) (1 —la—1bx)7 (1 +1a+1bx)! /4
24 b3 126°

g — 1 /4
(171—36a—241a2)arctan[1— (1 —Tla—1bx) )/7 J2
(1+1a+1bx)t7*

x(1=Ta—16x)774 (1 +1a+1bx)! /4 N
3p° 1653

g — 1 /4
(171——36a-—24la2)mcmn(1 + (1 —la—1bx) l)gi-)vﬁf
(1 +Ta+1bx)

+

16°

(171—36a—24la2)ln[1— (1=la=1bx) A)7 pI-Ta—Tbx | o

(1+Ta+Tbx)' /A JTTTatibx
32p°

| Umla=tbn)! AYT  JT-Ta—Tbx |

(1+la+1bx)' 4 TFTaFTbx

326

(171-36a —2414%) In

_|_

Result (type 8, 30 leaves):

XZ
3/2dx
[ 1+1(bx+a) ]
J14 (bx+a)?
Problem 63: Unable to integrate problem.
! dx

1 +1(bx+a) 372
( )2 ]

1+ (bx+a
Optimal (type 3, 257 leaves, 13 steps):

T 1 /4 P 1 /4
| —Ta—1bx) ﬁ]ﬁ 31arctan[1+(1 la—1bx)! AJ2 T

(
3Tarctan| 1 —
I —Ta—1bx)3 A (1 +la+1bx) A [ (1 +Ta+1bx)' 7 N (1 +Ta+1bx)! /A
b 2b 2b




g — 1 /4 JT—Ta—Tbx g — 1 /4 JT—Ta—Tbx
3| 1~ (L=la—1bx) 1/JF+ 1 —1a—1bx Nex 31| 1 4 (L=la—1bx) 1/{17+ 1 —1a—1bx Nen
N (1 +1a+1bx) JI+Ta+1bx B (I +1la+1bx) JI+Ta+1bx
4b 4b
Result (type 8, 26 leaves):
1
dx
[ | +1(bx+a) ]3/2
14 (bx+a)?
Problem 64: Unable to integrate problem.
Jen arctan(bx+a)x2 dx
Optimal (type 5, 174 leaves, 4 steps):
Ll | o I
_(4atn) (I-la—lbx) 2 (I+la+lbx) *  x(l-la—1bx) * (I+latlby) °
6b° 3b?
1+ I I I 11 1h
2 2 2 n n a X
- — — — — — 1 - 2 - - - —— - —
. (-6a> —6an—n*+2) (1 —1a—1bx) hypmgemn( > n, 1+ > ],[ + > I3 > 2 )
L
322 B3 (21—n)
Result (type 8, 15 leaves):
Jen arctan(bx+a)x2 dx
Problem 65: Unable to integrate problem.
Jen arctan(bx+a)x dx
Optimal (type 5, 115 leaves, 3 steps):
I I 1+ 1b
1+ -3 (2a+n) (1—-la—1b 2 ([1n1+1—” 2+I—"]i—1—“——’C
(1—Ta—1bx) 2 (1+la+1bx) 2 +(“ n) (1 —la—1bx) yPEIgEOm | 7 T ) 2 2 2 2

2 b?

n

Result (type 8, 13 leaves):
Jen arctan(bx+a)x dx

Problem 66: Unable to integrate problem.

1
22 p2(21—n)



et arctan(b x +a)
— dx

2

Optimal (type 5, 106 leaves, 2 steps):

In In
1+ — -1- =
In In (I—a) (1 =Ta—1bx)
4b (1 —Ta—1b 2 (1+Ta+1b 2 h 2,14+ —| |24+ =
) (1 —la=1bx) (1+1la+1bx) ypergeom([’ 2 | 2 ] (I+a) (1 +la+1bx)
(I1+a)?(21—n)
Result (type 8, 15 leaves):
& arctan(b x +a)
— dx
x2
Problem 67: Unable to integrate problem.
et arctan(b x +a)
— dx
S
Optimal (type 5, 172 leaves, 3 steps):
Ll o
(1—Tla—1bx) 2 (1+la+1lbx) ?
2(a2+-1)£
1+ - I In] (I—a) (1 —Tla—Ibx)
20% (2a—n) (1 —la—1b 2 (1+la+1b 2 h 2,14 2| |24 2| =4 - —4” OF
2 2a—n) (1 -la—1bx) (1+1a+1bx) ypergeom| | 5 1T 2 ' (I+a) (1 +1a+1bx)
I1—a) (1+a)(21—n)
(
Result (type 8, 15 leaves):
et arctan(b x +a)
— dx
S

Problem 68: Unable to integrate problem.
J earctan(a X) dx

Optimal (type 5, 41 leaves, 2 steps):
I I

DN | =t

5

1-— 1+ —
(%+2I)2 2 (1 —TIax) 2hypergeom([%,l+—],[2+—},%—

a

Result (type 8, 7 leaves):
J earctan(a X) dx



Problem 71: Unable to integrate problem.
JeZ arctan(a x) (a2 cxz + C)P dx

Optimal (type 5, 83 leaves, 3 steps):

127147 (1 —Tax) ' 1P (g% e +c)phyperge0m( [T—p, 1 +14+p],[2+1+p], % - I;l—xj

a(l+1+p) (x2a2+l)p
Result (type 8, 22 leaves):

JeZ arctan(a x) (a2 e + c)p dx

Problem 73: Unable to integrate problem.
JeZ arctan(a x) (a2 cx2 +c)3 /2 dx

Optimal (type 5, 66 leaves, 3 steps):

2 51,7 ! 5 H 5 3 7
= 2= 1-1 h 2 4L -2 41|, | = +1
(29 + 29 )2 c ( ax) ypergeom([ > +1, > + 1, 2

],%—I;—x)\/azcxz+c

adx2a2+ﬂ

JGZ arctan(a x) (a2 sz +C)3 /2 dx

Result (type 8, 22 leaves):

Problem 75: Unable to integrate problem.

earctan(a X)

J (azcx2 +c)3 /2
Optimal (type 5, 66 leaves, 3 steps):

3001 5 1
_+_ —_ = —
(—11—34-%)22 2c(l—Iax)2 2hypergeom([i—l—i—l],[

adx252+1

J‘(azcxz-l-cf/2 de

arctan(a x)

Result (type 8, 22 leaves):

€

Problem 76: Unable to integrate problem.



earctan(a X)

dex

Optimal (type 5, 65 leaves, 3 steps):
1

LI
(—%—+~%1)22 2 (1—1lax)

N | W
N |~

hypergeom 21 1.1
yperg 5 53 TS

adx2a2+ﬂ
dex

earctan(a X)

Result (type 8, 22 leaves):

Problem 78: Unable to integrate problem.

Jach +c

6‘2 arctan(a x)
Optimal (type 5, 43 leaves, 2 steps):

(—% + %)21+IC(1 —Iax)zflhypergeom( [2—-1,—-1-1],[3 —I],% - I;z_x)

a

Result (type 8, 22 leaves):
chf%wr&

e2 arctan(a x)

Problem 79: Unable to integrate problem.

dx

62 arctan(a x)

J‘(azcxz-l-cf/2
Optimal (type 5, 66 leaves, 3 steps):

2 2 2

adx2a2+ﬂ

J (azcx2 +c)3 /2

( 2 51
29 29

241 |
-— + —)22 c(1—1lax)? hypergeom(

] —I,—é —I],[l _I}’%_Ia_x) a?ex +c

Result (type 8, 24 leaves):

dx

6‘2 arctan(a x)

Problem 82: Result more than twice size of optimal antiderivative.



Optimal (type 3,

Result (type 3,

(2]

57 leaves, 5 steps):

J(xzaul)m

21(1 —lax)3 /2

dx
(1 +1ax)?

" arcsinh(ax) 21y 1 —1lax

261 leaves):

I4
_;)

3a(1+1ax)3 /2

a

a1 +Iax

] ) N ) e o N

I
x— —
a

x—%])S/Z

Problem 90:

Optimal (type 5,

Result (type 8, 22

Problem 91:

Optimal (type 5, 61

Result (type 8,

Unable to integrate problem.

66 leaves, 2 steps):

In

2 2 cz(l—Iax)

J et arctan(a x)

341

In

2
] a2+21a(
3 ( J

2
3a ( —

I
a
Ia%—(x—-l-)a
a

2

Jd

(azcxz-kc)zdx

J en arctan(a x) dx

B In In In] 1 lax
h 24+ —,3+ — 44+ —|, — = —
] ypergeonl([ 5 ) ], ) ], ) )
a(6l—mn)
leaves) :
Jen arctan(a x) (a2 cxz +C)2 dx
Unable to integrate problem.
Jen arctan(a x) dx
leaves, 2 steps):
In In
1-— 1+—
In In 1 lax
2 2 (1-1 2 h —nml+—|[24+=| -
] ( ax) ypergeon1( n 7 > > 2
a(2l—n)
9 leaves):



Problem 93: Unable to integrate problem.

J en arctan(a x)
——— dx
2 (a2 ex? + c)

Optimal (type 5, 78 leaves, 5 steps):

I
t
[ q & 2rctan(a x) (I+n) ot arctan(a x) 2 [ q & arctan(a x) hypergeom( [ 1, - E n ]’

In 21
l—— 1|, -1+
2] ax+IJ

cn cx c
Result (type 8, 25 leaves):

J en arctan(a x)
————— dx
b (a2 ex? + c)

Problem 94: Unable to integrate problem.

n arctan(a x)
Je xsz “
(azcx2 +-c)
Optimal (type 5, 329 leaves, 10 steps):
142 -1 1+ -l L, -1
(1 —TIax) 2 (1+1Iax) 2 21(1 —Iax) % (1+1Iax) 2 2(1—Tax)? (1+1lax) 2
B 4 + 4 2 + 4
513(2—IM atFn(n?+4) atFn(21+n)
Sy ln -1 gy ln L,
_ 3 (1—Iax) 2 (1+Iax) 2 + 3(1—Tlax) 2 3 3(1—1Ilax)?
a4cz(2—In) r, 1,
a?(2—1n) (1 +1ax)? a*An(214n) (1 +1ax)?
In In
2- — -1+ —
2 2 (1 —=Tax) 2 hypergeom —1+I—n,—1+1—n R ln,l_la_x
2 2 2 2 2
+ 4
a2 —1n)

Result (type 8, 25 leaves):

n arctan(a x) x3
[§
J LS

(azcx; +—c)2

Problem 98: Unable to integrate problem.

n arctan(a x) x3
[§
J Qe

Jazcg-+c

Optimal (type 5, 247 leaves, 5 steps):



—

n 1 In n In

1
2 (141Iax)? 2 J2a*+1 (I —=Iax) 2 (l—l-Iax)2 2 (4—In—n2+a(1+In)nx)\/x2a2+1
3a2Ja*ex? +e 6a4(1-+1n)\/a20x2—Fc

" ) mEET

—

+ +

N | —

1
(1 —1lax)?

In

711(—112+5) (I =Tax)

—

2

+

| =
| W

1 5 In
h — s+ ||+
ypergeom([2 , > >

22 2

34 (4n—I(—n2+3))\/a2cx2 +c

o In 3 In 1
2 b 2 2

+

Result (type 8, 25 leaves):

n arctan(a x) x3
€
J Qe

Problem 99: Unable to integrate problem.
J & arctan(a x) x2
N e +e

Optimal (type 5, 219 leaves, 5 steps):
1 In In

1 1
S (1+In) (1—-Ilax)? %2 (1+41lax)? 2 JPd+1 +x(1—1ax)2

2a3(I+n)\/azcx2+c 2a°\a*ex? +c

1 In 1 In

—_— — + —
122 2 (-2 +1) (1 —lax)? 2hypergeom([%+12—n,—%+12—n],

a (nz—i—l)\/azcxz +c

Result (type 8, 25 leaves):

1 arctan(a x) x2
€
J Qe

Problem 100: Unable to integrate problem.

et arctan(a x)
—— dx
)f’ N e +e
Optimal (type 5, 218 leaves, 6 steps):

1 In 1 In 1 In

- R — 4+
_(1—-Iax)2 2 (1+Iax)2 2 /P41 _ an(l—Iax)2 2 (1 +TIax)
2x2\/ e +e 2x+/ e +e

In

ERErETy

N | —




In
2 hypergeom( [1, % +

(1-+In)\/a2cx24—c

—

n

2 (1+1lax)

+ In

2

N | —
N | —

3y ln) dolany oy

2 2
- 1) (1 -1
“ (n + )( ax) 2 1+1Iax

>

_|_

Result (type 8, 25 leaves):

n arctan(a x)

€
— dx
J)f’\/azcxz +c

Problem 103: Unable to integrate problem.
Jenarctan(ax) (a20x2 +C)1 /3 dx

Optimal (type 5, 86 leaves, 3 steps):
4 In 4 In
3

—_——_ + —
_323 2 (1 —=Tax) 2 (azcx2+c)l/3hypergeom([§+12—n,—%+12—n], %+Iz_n ,%——ng)
a(81—3m) (22 +1) 7
Result (type 8, 22 leaves):
Jenarctan(ax) (a20x2 +C)1 /3 dx
Problem 104: Unable to integrate problem.
et arctan(a x)
5 1/3 dx
(a cxzﬁ—c)
Optimal (type 5, 86 leaves, 3 steps):
2 In 2, In
_323 2 (l—Iax)3 2 (xzaz—i-l)l/shypergeom([%+12—n,%+12—n],[§-l-Iz—n ,%——ng)

a(4I—3n)(azcxz—i-c)l/3

et arctan(a x)
( ) 1 /3 dx

Result (type 8, 22 leaves):

a2a9-+c

Problem 105: Unable to integrate problem.
n arctan(a x) ){"
(azcxz-kc)
Optimal (type 6, 43 leaves, 2 steps):



In In )
2

x1+mAppellF1(l +m, 2+ 7,2 — —.,24+m, —lax,Iax

A (1 +m)
Result (type 8, 25 leaves):

J et arctan(a x) X" &

(azcxg +-c)2

Problem 106: Unable to integrate problem.

J en arctan(a x) xm &

N e +c¢
L Ln —I—n,Z + m, —Iax,Iax)\/x2a2+l

1+m 1
A FI| 1 - + -
x [ppell ( +-m,2 22 >

(1+nﬂwhfcf-+c

Optimal (type 6, 63 leaves, 3 steps):

Result (type 8, 25 leaves):

J et arctan(a x) X" &

\/azcx2 +c

Problem 107: Unable to integrate problem.

et arctan(a x) X"
J ) 5 /2 dx
(a cx24-c)
Optimal (type 6, 66 leaves, 3 steps):

x1+mAppellF1(l + m, % + Iz_n’ % — %,2 + m, —Iax,Iax) J2a® +1

2 +m @ e

en arctan(a x) xm
dx
J (c120x2 +c)5 /2

Result (type 8, 25 leaves):

Test results for the 44 problems in "5.3.7 Inverse tangent functions.txt"

Problem 8: Unable to integrate problem.



Jx() /Zarctan[ A - ,—e] dx
JxPe+d
Optimal (type 4, 190 leaves, 6 steps):
2x1 /zarctan[x— V¢
JxPe+d

L 3645 ENEPEY, L4 ENEPEY, L 80P T [Petd

11 847 (-¢) /2 21y 847 (-¢)° /2
1 /4 2 1 /4
304" A/cos(Zarctan(%)) EllipticF[sin[2arctan[ ¢ lf ]), \/27 \/—_6(\/7 +x\/?)/x2e++dz
d d (V +x/e)

+

1 /4
847cos(2arctan( edl—/\{‘?)]em /4\/x2e+d
Result (type 8, 23 leaves):

Jx9 /Zarctan[i] dx
JPe+d

Problem 9: Unable to integrate problem.

st /2 arctan[ A - “_eJ dx
Jxte+d
Optimal (type 4, 168 leaves, 5 steps):
2%/ /2arctan[x— “_eJ
J2e+d +4x5/2\/xze+d+20d\/7\/xze+d

7 N 147 (-¢)* /2
/4 2 /
10d’ A/cos(Zarctan[#]] EllipticF[sin[Zarctan[ e 14}{‘7 )], \/27 J\/—_e(ﬁ _'_x\/?)/xze—-l-dz
d d (V +x/e)

1 /4
147cos[2arctan( edl—/\{‘7 J ] & /41/x2e+d
Result (type 8, 23 leaves):

Jx5 /Zarctan[ ﬂ] dx

JxPe+d

Problem 10: Unable to integrate problem.



arctan[x— V ~¢
JxPe+d
L1 /2 dx
Optimal (type 4, 173 leaves, 5 steps):
2arctan[x— ,—e]
JPe+d _20(—6)3/2\/)6264'6[ _4\/‘@\/)C2€+d
959 /2 189 223 /2 63dx’ /2
1 /4 2 1 /4
10’ A/cos[Zarctan[ ¢ 1}{1? ]] EllipticF[sin{Zarctan( ¢ 1){1? )J, \/27 vV —e (\/7 +x\/?)/x2e++dz
d d (VT +xJe)

1 /4
189cos[2arctan[ edl ){‘? ])(ﬁ AfZe+d
Result (type 8, 23 leaves):
xy -e

w/xze—i-d
x11/2

arctan [

dx

Problem 11: Unable to integrate problem.

\/xze—i-d
97

arctan[ e ]
dx

Optimal (type 4, 315 leaves, 7 steps):
Zarctan[x— “_e]
JPet+d ) 4y fPetd 12(-e)}"[Pe+d 12872 e x[Pe+d

7x7 /2 35dx5 /2 35d2\/7 35d2 (\/74‘)(\/?)
1 /4 2 | /4

12& /4/cos[2arctan[ ¢ 1){17 JJ EllipticE[sin[zarctan( ¢ 1}{17 )J, \/27 \/—_e(ﬁ _'_x\/?)/—xze—l-d 3
4 d (V@ +x/e)

_|_

3500s[2arctan[ el /4\/7 J]aﬂ /4\/xze+d

d! /4



6 /4/005(2arctan[ eld/l#)]z EllipticF[sin[Zarctan[ eld/l4f ]) JZT JJ-_e(ﬁ +xﬁ)/ﬁ

1 /4
35005[2arctan( edl—/\{t?J]aﬁ AfCe+d
Result (type 8, 23 leaves):
xy -e
JXPe+d

JC 2

arctan [

dx

Problem 15: Result more than twice size of optimal antiderivative.
T
J[ E) — arccot(cot(bx +a) )] dx
Optimal (type 3, 20 leaves, 2 steps):

2
(g — arccot(cot(bx +a)) J

2b
Result (type 3, 50 leaves):

2
(g — arccot(cot(bx +a)) )

X 2

2 b

- ( g —arccot(cot(bx +a)) ) arccot(cot(bx +a)) —

Problem 17: Result more than twice size of optimal antiderivative.

Jxarctan(c—i—dtan(bx—i—a) ) dx

Optimal (type 4, 257 leaves, 9 steps):
2la+21bx _ 21la+21bx
Izln(1+(1+lc+d)e J 121n[1+(c+1(1 d)) e ]

arctan(c +dtan(bx +a +1c— c+ +
X (¢ +dtan(b )y 1 +Ic—d B I1(1+4d)
2 4 4
(1+Ic+d)e21”+2“”‘] ( (c+1(1—d))e21“+21bXJ [ (1+Ic+d)ezl“+2”’x)
lylog| 2, - lylog| 2, - Ipolylog| 3, -
+xpoyog( I +1c—d _xpoyog c+1(1+4d) N polylog I +1c—d
(C+I(1—d))621a+21bx)
Ipolylog| 3, -
poyog( ’ ct1(1+d)

8 b2



Result (type ?, 7719 leaves): Display of huge result suppressed!

Problem 18: Result more than twice size of optimal antiderivative.

szarctan(c—i- (-1+1I¢)tan(bx +a)) dx
Optimal (type 4, 124 leaves, 7 steps):

b_x4 n Larctan(c — (1 —1¢) tan(bx +a)) " I In(1 4+ Tce?let21bx) " *% polylog(2, —Ice?la+21bx) n Ixpolylog(3, —Ice? e T21bx)
12 3 6 4b 4p2

_ polylog( 4, —Ice”“'”lbx)
853

Result (type 4, 1532 leaves):
x} I(eZI(bx-‘ra)c_I) e2I(bx+a)c_I
T Csgn csgn| ———————
( e2lbx+a) 4 ) [ e2lbx+a) 4 ] _ )c3ncsgn(lel(bx"”‘))csg,rn(Iezl(b"J””)2 " Ixf’ln(e”ber“)) In(I+¢) X
12 6 3 6

eZI(bx+a)c —1

3
Plbxta) ) " azdilog(l — Tl Pxta [Te ) B polylog(2, —1210x+a) ) 42
12 20

x31tcsgn[
" " azdilog(l—i-lel(ber“)\/Ic)

453 203
3 21(bx+a) 3
1(I+c) 3 [21bx+a) (14 ¢) I(e c—1)
fncsgn( glbxta 4 ) xzncsgn(lezI(b”“))3 £ mesgn lbxta) 4 e e Zlbrta 4
+ + —
12 12 12 12

21(bx+a) 2 21(bx+a) 3
21(b 21(b x3ncsgn ¢ 210 (I+¢) xsncsgn € 10 (I+c)
i » polylog(2, —121Px+a) ) n 12 In(1 +1e21bxta ) 2lbx+a) 4 2lbx+a) 4|

4b 6 B 12 + 12

2I(bx+a)c_1 Jz )éncsgn[ Ie2I(bx+a) (I+C) }ngn[ e2l(bx-i-a) (I+C)

e
B )gncsgn( m N R2lbx+a) 4 | glibx+a) 4 ) " Ixpolylog(3, —1e210x+a) ;)
12 12 4 b2

L resgn(l(21Ex¥+a 1)) csgn[ L(

+

e2I(bx+a) c— I)

)C’;TCCSH ; csgn M ?
eZI(bx+a)+1 3 g eZI(bx+a)+1 g eZI(bx+a)+l
12 12

2
I(I+C) 2 I(eZI(bx+a)c_I) eZI(bx+a)c_I
x3ncsgn(1(I+c))csgn(—ezl(bx+a)+1J +)§ncsgn ST csgn Divra ] +x"n
6

+

12 12

3 I 21(bx+a) [ (lbxta_7)
msgn( lbrta 4 )csgn(l(e C_I))csgn[ Zlbrta 4 ] _In(1 4121 ) xa? | Ta?In(1 1! * 0 Te) «
2 b? 2 b2

12



x> mesgn _1d+e) csgn 1210579 (14¢) ’
n Iazln(l —1elbx+a) [T¢ )x _ polylog(4, —1e2lbx+a) ) Plbx+a) 4 ?lbxta 4 bxt

—_ + =
2 8b° 12 12
I 1(1+c¢) 2ibxta) 1(1+c¢) 121 bx+al (14 ()
N fncsgn(—ezl(bera)_i_l )csgn(l(l—i—c))csgn(—eﬂ(lera)_'_l J N X resgn(le ) csgn —e2l(bx+a)+1 csgn 21bara 1
12 12
21(bx+a) 21(bx+a) 2 21(bx+a) 2
x> mesgn Le ST (I +c) csgn € ST (I +c) X resgn(1e21BX¥+a)) cgon Ie ST (I +c)
eI( x+a)+1 eI( x+a)+1 B eI( x+a)+1
12 12
" )9ncsgn(IeI(bx+“))zcsgn(1621(bx+“)) _ In(1 +Iezubx+“)c) @ _ Ia3ln( —eZI(bx+a)c+I) n Ia3ln(1 +Iel(bx+“)m)

12 33 6b° 253
I(GZI(bx-i-a)c_I)

2
1
13 m(1 — 16 @ +a JT7) ) ’;ncsgn[ 21bxta) | | )ngn[ 21bxta) | | ] CIPm(@10o 1)
253 12 6

Problem 21: Result more than twice size of optimal antiderivative.
J—xzarctan( ~¢— (1 —1Ic¢)cot(bx+a)) dx

Optimal (type 4, 126 leaves, 7 steps):
bx* . Larctan(-¢ — (1 —1Ic¢) cot(bx +a)) " 1 In(1 — T let21bx) " »% polylog(2, 1ce? e +21bx) " Ixpolylog(3, Ice? ¢ T21bx)
12 3 6 4b 4 h?
4 ICCZIa-‘rZbe)
g b°
Result (type 4, 1531 leaves):

_ polylog(

[ (21bxta e 41) 3
16 2106 » ¥ mosgn 2100 10
_xsncsgn(le( ¥ ta)) csgn(1e2 10X +a) _ lbxtal + 1.3 In(e! PX+a)) + IIn(I+¢) X

6 12 3 6

I eZI(bx-‘ra)C +I)

__r 21(bx+a) (
B XSRCSgn( 2lbxta) _ )CSgn(I (e c+1)) esgn 2lbxta) _ B polylog(2,1e2“bx+“)c) e’ N azdilog(l —1xta) YL )

12 45 25’

fncsgn( R1x+a) (1 4 ¢ )2 fncsgn{ Slbx+a) (14 ¢ J3

N x2polylog(2,1621(bx+a)c) 3 e2I(bx+a) -1 N eZI(bx-i—a) -1

4b 12 12
I(eZI(bx+a)C+I) e21(bx+a)c+1
x mesgn 21bxt S T T hat 21bx+ 21bx+ 3 31(21(bx+
flox+a) flox+a) + Ixpolylog(3,1e?1 X+ ) _ IIn(1 —1210x+a o) 4 _la In(?10x*a) ¢ 41)
12 4 b? 33 6b




2
x}ncsgn[ Ie2l(bx+a) (I+C) Jcsgn[ eZI(hx-i—a) (I+C) )

N Ia3ln(1 _Iel(bx-i-a)\/Tc) N Ia3ln(1 +1elbx+a) g ) 2lbxta) _ 2lbxta) _

253 25 - 12

2 2
I I(eZI(bx+a)c+I) 2T brta) I(eZI(bx+tl)c+I)
gnCSgn(W)CSgn[ 21bxta _ | x mesgn(I (e ¢+1)) esgn 21bxta) _ |

+ +
12 12
21(bx+a) 2 21(bx+a) 2
21(bx+a) Ie (I+C) M Ie (I+C)
X mesgn(le ) CSgn[ 21bxta) _ | x mesgn 21bxta _ | S8 T 2Texta _
- 12 B 12
3
1(I1+c¢) 2 I 1(I1+c¢) 2 [21bx+a) (14 ¢)
’gncsgn(l(l+6))°5gn( 21bxta) _ | J ’gmsgn[ 210bxta) _ )CSgn( 21bxta) _ | X' mosgn 2lbx+a) _
- - +
12 12 12
x:’ I(eZI(bx+a)c+I) GZI(bx+a)c+I 2
. Bresgn(1e21brta)3 s MSgn( 21bxta) _ J CSgn[ 21bxta) _ ] _ polylog(4, 121 Px+a) )
12 12 8 b
)gncsgn Ie2I(bx+a) (I +C) csgn e21(bx-i—a) (I +C)
N R2lbx+a) _ R2lbx+a) _ N cps N 12n(1 =16/ 0¥+ JT¢ ) x N 12 n(1 +16/ T [ TT¢ ) x N bt
12 6 2 b2 2 b2 12
B reson Q2lbxta) o4 3 3 esan QR2lbx+ta) L 4 2
. o dilog(1 + 1 b3+ [T CIPm(@10 94 ) .\ B "2Thata _ ~ 8 T2Thara _
25 6 12 12
I(I+¢) 3 I I(I+¢)
N x3ncsgn[ eZI(bx-i—a)_l ) N )éncsgn(lel(bx+a))zcsgn(1621(bx+a)) N fncsgn(l(l—l—c))csgn( eZI(bx-i-a)_l ]csgn( eZI(bx-i—a)_l
12 12 12
21(bx+a)
21(bx+a) [(I+¢) Ie (I+c¢)
. ¥ mesgn(le )CSgn( 210xra) _ | S8 T 2Tlxta _ (1 =121 ) 12 . 13 In(1 — 121¢r+a )

12 2 b2 6

Problem 22: Result more than twice size of optimal antiderivative.
J—xarctan(—c— (I =TIc)cot(bx+a)) dx

Optimal (type 4, 101 leaves, 6 steps):

ﬁ . xzarctan( -c— (1 —=1Ic)cot(bx+a)) " Ilen(l —Ice21“+21bx) " xpolylog(2,1ce21“+21bx) n Ipolylog(3,lce21“+21bx)
6 2 4 4b 8 b?

Result (type 4, 1496 leaves):




21(bx+a
nxzcsgn(I(I-I—c))csgn(é)csgn[M) nxzcsgn(IeZI(ber“))csgn(I(I——'_C)l]csgn( I OXT (1 +¢) )

e2I(bx+a)_1 eZI(bx+a)_1 . eZI(bx-‘ra)_ e2I(bx-i-a)_1
8 8
_ 21(bx+a) [(P1PxFa e 40)
~ Ttxzcsgn( 2lbxta) _ | JCSgn(I (e c+1)) esgn 2lbxta) _ | . 12 L2W(@10x+a e 41)

8 4 4

I 2I(bx+a) (I+C

nxtesgn(I (1+¢)) csgn _ILte) ’ nxl csgn(1e2 10X FD) csgn € ) ’
g B 2ibxta _ ~ & g 2lbxta) _ | laln(1 —1d x0TI ) &
8 8 2b

2 2
xz e21(bx+a) (I +C) xz eZI(bx+a)c+I
X csgn 21bx+a) _ Txrcsen 2lbx+a) _

Ialn(l—i—IeI(be”” —Ic)x n Iin(1 —1210x¥Ta) ) xq B _
2b 2b 8 8

nxzcsgn eZI(hx+a)c+I 3 nxzcsgn e21(bx—t—a) (I+C) 3
eZl(bx+a)_1 N eZl(bx+a)_1 4 Ix21n(el(bx+a)) + Iln(I+c)x2

8 8 2 4
2
72 csgn . csgn 1+ ? 72 csgn . csgn I(ezl(bx+alc+l)
g e2I(bx+a)_1 g eZI(bx+a)_1 g e2I(bx-i-a)_1 g eZI(bx-i—a)_l
- +
8 8
21(bx+a) 2 21(bx+a) 2
2 hxta) I(e c+1) I(I+c¢) Ie (I+¢)
nxzcsgn(l(e c+I))csgn Torta nxzcsgn bita 1 csgn Thrta) 3
i e 1 B e 1 e 1 i b
8 8 6
+ Ipolylog(3, 121 *+a) ) + xpolylog(2, [e21(0x+a) () + apolylog(2, 12 1bx+a) ) _ adilog(l — el bxta —Ic)
8 b2 4b 4 b? 2b?
3 21(bx+a) 3
1(1+c¢) 3 (210X ta . y) Ie (1+c¢)
~ adilog(1 +16¥+0) [ TT7) . Tl:xzcsgn[ 21bxta) _ ) B nxzcsgn[ 210xta) _ ) m esgn 21bxta) _ |
2 b2 8 8 8
I(eZI(bx+a)C+I) 2lbxta) .4 2
m csgn 2Thxt CSEN T T hxt 21bx+ 2 21 (21 (bx+ 2 T(hx+
+ glox+a) e?lbxtal +Iln(1—Ie bxta) o) g +Ia In(e? !0 “)c+I)_Ia ln(l—Ie(x @ —Ic)
8 4 b2 4p2 20?
nxzcs ) I(GZI(bx+a)C+I) esen eZI(bx+a)c+I
B Iazln(l +1el bx+a) —Ic) B g 2lbxta) _ g 2lbxta) _
207 8
XZ IeZI(bx+a)(I+C) eZI(bx+a)(I+c)
N n csgn[ 2lbx+a) _ ]csgn( R2lbxta) _ ) N nxzcsgn(IeZI(bx+“))3 N Ilen(l _Iezl(bx+a)c)

8 8 4



nxzcsgn IeZI(bx+a) (I+C) ]csgn( eZI(bx-i—a) (I +C)

2
eZl(bx+a) -1 eZl(bx+a) -1 J N anngn(lel(bx-‘ra))zcsgn(IeZI(bx-‘ra)) 3 anCSgn(Iel(bx+a)) CSgn(IEZI(bx+a))2

8 8 4

Problem 23: Result more than twice size of optimal antiderivative.
J—xarctan( -c— (-1 —=1Ic)cot(bx+a)) dx
Optimal (type 4, 100 leaves, 6 steps):
21a+21bx)

_ﬁ . *arctan(-c¢ + (1 +1c¢) cot(bx+a)) . 12 In(1 4 Tce?let21bx) B xpolylog(2, —Ice? e T21bx) B Ipolylog(3, —Ice
6 2 4 4b 8 b?
Result (type 4, 1497 leaves):

xz e21(bx-‘ra)c_1 2 xz eZI(b)c-‘ra)c_I 3
mesgn| ——————— mesgn| ————————
Tch 3 [ eZI(bx+a)_1 ) N ( eZI(bx+a)_l ) N Ix21n(e21(bx+a)c_l)

4 8 8 4

EI. I o I(e2l(bx+a)c_l) 2 ET. IeZI(bx-‘ra)(c_I) o eZl(bx+a)(C_I) 2
B 2Tbxta _q |8 21bxta) _ | g 21bxta) _ | g 21bxta) _ | (e 2

-~ +
8 8 4
21(bx+a)
2lbx+a) . _ I 1(e c—1)
 mesgn(T (e ¢ I))CSgn[ 21bxta) _ )CSgn[ 21bxta) _ | (1 +121PF ) xa .\ Tatn(1 +1e®x+a) T7) 5
8 2b 2b
21(bx+a) (c—I) 21(bx+a)(

€ 2 5 c—1) 3
X% wesgn X mesgn
+ Ialn(l—IeI(bx"'“)\/Ic)x _ g2lbx+a) _ " 2lbx+a) _ " adilog(1+IeI(bx+a)\/Ic)

2b 8 8 2 B2

+

2 b2 4 8

21(bx+a)
21(bx+a) _Ile=D) le (c—T)
Fmesgn(le )ngn( 21bx+a OSEN T 2Tbxta _ _ apolylog(2, 12105 a)
8 4p? 8
3
I(C_I) 3 IeZI(bx+a)(c_I)
xzncsgn( —) xzncsgn(
B eZI(bx+a) —1 B eZI(bx+a) —1 3 xpolylog(2, _IeZI(bx+a)c) B IpOlleg(3, _IeZI(bx+a)c)
8 8 4b 8 b?

xzncsgn . csgn(I (¢ —1)) csgn _Ile=D
" adilog(l —Ie“bx+”)m) _ Ilen(l +Ie21(bx+‘”c) 2lbxta) _ 2lbx+ta) _

3
I(eZI(bx-i-a)c_I)
xzncsgn( eZI(bx+a) —1

— 2
1(b 2 I(b 2 1 xzncsgn(l(c—l))csgn[zg[(yc—l))
_ 1.2 In(e! P¥+a)) _ hx’ " la 1n(1 +1el! x"'a)‘/Ic) L la ln(l — el x+a)m) N 2lbxta) _ |

2 6 2 b? 2 b? 8




21(bx+a) 2 21(bx+a) 2
21(bx+a) Ie (c—1) [(c—1) Ie (c—1)
mesgn(le ) CSgn( Q2lbx+a) _ x mesgn R2lbxta) _ csen 2lbxta) _
+

8 8

21(bx+a) 2 21(bx+a) 21(bx+a)
dbxta) . I(e c—1) I(e c—1) e c—1
#mesgn(1 (e c—1)) CSgn[ 2lbxta) _ | .\ x* mesgn 21bxta) _ | M " 2Tbxta) _ (1 121 ) @2

8 8 4 b?

21(bx+a) (. _ 21(bx+a) (. _ 2L(bx+a) . _ 21(bx+a) . _1\?
XZWCSgH[ Le (e=1) ]csgn( € (c=1) J xzncsgn[ (e ¢ 11) Jcsgn(—e ¢ 11]

_|_

Ia21n( _CZI(bx+a)C+I) eZI(bx-i—a)_l eZI(bx-i—a)_l e21(bx-4—a)_ e21(bx-4—a)_
B 412 - 8 - 8
P T Ccsgn csgn _Ile=D) ’
N ) bx+a _ 21 (bx+a) _ | B nxzcsgn(IeZI(bx+“))3 B nxzcsgn(Ie bx+a))2CSgn(IeZI(bx+a))
8 8
" nx® esgn(le! bx+“))csgn( Ibx+a) )

Problem 25: Result more than twice size of optimal antiderivative.
sz arctan(c + dtanh(bx +a) ) dx

Optimal (type 4, 305 leaves, 11 steps):

o 2bx+2a 2bx+2a o 2bx+2a
Ix31n[l+(I c—de ) Ix”ln(l+(l+c+d)e ) Ixzpolylog(z,—(I c=de J

x arctan(c +dtanh(bx +a)) I—c+d B I+c—d 4 I—c+d
3 6 6 4p

I+C+d) ebe+2a] (I—C—d) ebe+2aj (I+C+d) ebe+2a)

1.2 polylog| 2, - < Ixpolylog| 3, - Ixpolylog| 3, -

B poyog[’ I+c—d rpoves( S I—c+d N YPOYIog] 2 I+c—d
4b 41 4
(I_C_d) ebe+2a (I+C+d) ebe+2a
Ipolylog| 4, - Ipolylog| 4, -
poyog( ’ [—c+d POLYIoB{ % [+c—d

+ —
8 b 8 b

Result (type ?, 6989 leaves): Display of huge result suppressed!

Problem 26: Result more than twice size of optimal antiderivative.
meMc—(I—chhwx+a))M
Optimal (type 4, 68 leaves, 5 steps):

_ 2bx+2a 2bx+2a
—Ibzxz + xarctan(c — (I —¢) tanh(bx +a) ) — 1200 Ige ) _ Ip"lylog(z’:[fe )

Result (type 4, 1350 leaves):



. (c—1)tanh(bx+a) +c+1 . 1 _
Idllog( - ) ) dllog( > ((e=1) anh(bx +a) +c+1))c (e 1) anh(bx ta) 4o D)2
4b(c—1) (I—=c¢) 2b(c—1) (I—c¢) 4b (c—1) (I—¢)
dilog( (¢c—1)tanh(bx+a) +c—1 Jc dilog( (¢c—1)tanh(bx+a) +c+1 Jc
N 21+2¢ B 2¢
2b(c—1) (I—=¢) 2b(c—1) (I—=¢)
i arctan( (¢ —1I) tanh(bx +a) +c¢) In((c—1I) tanh(bx+a) +c—1)  arctan((c—1I) tanh(bx+a) +c)In((c—1) tanh(bx+a) —c+1)
b(c—1) (21—=2¢) b(c—1) (21=2¢)
. s . . (c—1T1)tanh(bx +a) +c—1
~ Idllog( > ((c—=1) tanh(bx +a) +c+I)J . Hn( (¢ —1) tanh (bx + a) +c—I)2 B Idllog( Dl+2c )
4b(c—1) (I—c) 8b(c—1) (I—c¢) 4b(c—1) (I—c¢)
. (¢c—1) tanh(bx+a) +c—1
_ In((c—Dwnh(bx+a) +e=1)>F Idﬂog( 21+2¢ ch
8b(c—1) (I—c) 4b (c—1) (I—=¢)

IIn( (¢ —1) tanh(bx +a) +c—1) ln(—% ((¢—1) tanh(bx +a) +c+1))62

4b (c—1) (I—c¢)
Iln( (c—1)tanh(bx+a) +c—1
-21+2¢

)ln((c—l)tanh(bx-i-a) —e4D) A

4b (c—1) (I—-¢)
Iln( (c—=1T) tanh(;))cc—}-a) +c+1

)ln((c—l)tanh(bx—f-a) —etD ¢ I 2Tarctan( (¢ —I) tanh(bx +a) +c) In( (¢ —1) tanh(bx +a) +c—1) c

4b (c—1) (I—=¢) b(c—1) (2I—-2c¢)
2Tlarctan( (¢ — 1) tanh(bx +a) +c¢) In((c —1) tanh(bx+a) —c+1) ¢
b(c—1I)(21—=2¢)

In( (¢ —1) tanh(bx +a) +c—I)ln(—% ((c—1) tanh(bx +a) +c+I))c

2b(c—1) (1—c)

ln( (c—1)tanh(bx+a) +c—1 (c—1)tanh(bx+a) +c+1

)ln((c—l)tanh(bx—i-a)—c+I)c ln( )ln((c—l)tanh(bx—i—a)—c+I)c

4 21+2¢ 2¢
2b(c—1) (I—c¢) 2b(c—1) (I—c¢)
_arctan( (¢ —1I) tanh(bx+a) +c) In((c —1I) tanh(bx +a) +c—1) A n arctan( (¢ — 1) tanh(bx +a) +c) In((c —1) tanh(bx +a) —c +1) e
b(c—1) (21—2¢) b(c—1) (21—2¢)
Idilog( ("’_I)tanh(lz”c”r“) +C+I)£ TIn((c — 1) tanh (bx +a) +c —1) ln(—% ((c—T1) tanh(bx +a) +c+I))
B 4b(c—1) (1—c) B 4b(c—1) (1—c)
Iln( (C_I“afihz(lbj;c") +C_I)ln((0—l)tanh(bx+a) o) Iln( (C_I“anh(’;j“) +C+I)ln((0—1)tanh(bx+a) o)

B 4b(c—1) (1—¢) * 4b(c—1) (I—c)




Idilog(—% ((c—T)tanh(bx+a) +c+1) ) 2
4b (c—1) (I-¢)

_|_

Problem 28: Result more than twice size of optimal antiderivative.
Jarctan(c—l—dcoth(bx—i—a)) dx

Optimal (type 4, 150 leaves, 7 steps):

o 2bx+2a 2bx+2a o 2bx+2a
len(l _a CI _d)f_d j len(l - (I+cI—:_d)_ed ) Ipolylog[2, a CI —d)jd ]
xarctan(c¢ +dcoth(bx +a)) + 5 ¢ - 5 ¢ + 7 ¢

I+c—d
4b
Result (type 4, 349 leaves):
_arctan(c +dcoth(bx +a)) In(dcoth(bx +a) — d) I arctan(c +dcoth(bx +a)) In(dcoth(bx +a) +d)

2bx+2a
Ipolylog[Z, (I+c+d)e )

2b 2b
Tn(dcoth(bx +a) —d) In[ —4lbxta)l ¥1=c ) 1y Geoth(bx +a) — d) Inf 40hbx+a) “H)
_ [—c—d n I[+c+d
4b 4b
Idilog( -dcoth(bx +a) +I—c) Idilog( dcoth(bx +a) +c+I) IIn(dcoth(bx +a) +d) ln( -dcoth(bx +a) +I—c)
_ I—c—d " I+c+d i I—c+d
4b 4b 4b
dcoth(bx+a) +c+1 . -dcoth(bx+a) +1—c . dcoth(bx+a) +c+1
~ IIn(dcoth(bx +a) +d) ln( T ) N Idllog( —ctd B I dilog [+e—d
4b 4b 4b

Problem 30: Result more than twice size of optimal antiderivative.
szarctan(c+ (I+c¢) coth(bx+a)) dx

Optimal (type 4, 116 leaves, 7 steps):
) 1bx* + X arctan(c + (1 +¢) coth(bx +a)) + IX°In(1 —Ice?br+2a) + Ixzpolylog(Z,IcebeJrz”) _ prolylog(3,Icebe+2“)

12 3 6 4b 4 b2
n Ipolylog(4, 1ce?bx+2a)
8 b
Result (type 4, 1553 leaves):
2bx+2a
2bx+2a 1(26 64'21)
nfcsgn(—ewﬁza_l )csgn(l (2¢ c+21))csgn{ Zbirla_ |

12



1(2162bx+2a +262bx+2ac)
e2bx+2a -1

I 2bx+2a 2bx+2a
e esgn| —————— csgn(I (21e +2e c)) csgn
( e2bx+2a_1 J 3 prOlleg(3,IC€2bx+2a)

12 4p?

Iln(1 —Tce?b¥+2a) 43 _ Ipolylog(2, 1ce?bx¥+2a) 42 " 14 ln(l — 1P e e ) " 143 ln(l +1eP¥ e [Te )
301 45 26° 20°

2bx+2a 2
n)r?’csgn(l(2621’x+zac+21))csgn{1(2c c+21) ]

e2bx+2a -1

12 dilog(1 —1eP* 19 /¢ ) N 12 dilog(1 +1eP* 19 ¢ ) N

25 25 12
1(2162bx+2a +262bx+2ac) Jz x} { 2Ie2bx+2a +262bx+2ac ]3
X’ csgn

2bx+2a 2bx+2a
nx esgn(I(21e +2e¢ C))ngn( 2bx+2a _ Q2bx+2a _

12 * 12

2P H2ac 401
Tt)écsgn(

3
2bxt2a ] L IPm( —1e@P¥29) (1 —ledP 24 xa? 121 —1eP*ta=T¢ ) x
12 6 252 25

Mgcsgn[ 1(2e20%12a0 427) )ngn[ 2e2bx+2“c+21j

Iazln(1+Iebx+“\/—_Ic)x _ Ica® _ Iebx? _ g2hx+za 2hbx+za _
2b? 40 (1+¢) 12(1+e¢) 12
e 1(2e2bxt2a. 1 07) )
n csgn[ ebe+2a_1 jcsgn[ ebe+2a_1 J a3ln(ebx+a) xa3 Ia3ln(62bx+2ac+1) Ica3ln(ebx+a)
12 363 (I4¢) 362 (I14¢) 653 36° (I4¢)
3 I [(21e20¥F2a yp2bx+2a,) 2 3 pe2bxt2a, 4oy 2
Lexdd P ngn(mjcsgn( 2bx+2a_ ] T ngn( 2bxt2a _ )

362 (1+¢) 6 12 12

3 1(282b*+2a.400) 3 3 [(21e20¥F2a yp2bx+2a,) 3

Ty csgn e2bx-i-2a_1 ] n ngn( e2bx-i-2a_1 ]

+
12 12
I(ZIebe-i-Za +262bx+2ac) 2162bx+2a +262bx+2ac I(zebe+2aC+21) 262bx+2ac+21 2

m csgn 2bxt2a _q Jcsgn[ 2bxt2a_ 4 ) nﬁcsgn{ 2bx+2a_ JCS n[ 2bxt2a _

12 + 12
[(212bx+2a 4 p2bx+2a,) 212bxt2a 4y 2bxt2a, 2

m esgn 2bxt2a _q )CSgn[ 2bxt2a _ ) p b 1B Im(2e2b% 240 421)

12 +4b3(1+c) 12(I4+¢) 6
21e2bxt2a 4y 2bxt2a, 2

n)r"csgn

1°In(21e2bx+2a g 2bx+2a.) _ [ e?hxt2a ) " Ixzpolylog(Z,Icebe+2”) n Ipolylog(4,Ice2bx+2a)

6 12 4b 8 h3



Problem 31: Result more than twice size of optimal antiderivative.
Jarctan(eb xta) dy

Optimal (type 4, 35 leaves, 4 steps):

Ipolylog(2, —1e?*+@) _ Ipolylog(2, 1e?*T4)

2b 2b

Result (type 4, 105 leaves):

In(e?**4) arctan(e?* T¢) In(e?*+2) In(1 +1P¥79) IIn(e?*T4) In(1 —1eP**) Idilog(1 +1e2*74) Idilog(1 —IeP**4)
b * 2b B 2b * 2b - 2b

Problem 32: Result more than twice size of optimal antiderivative.
Jxarctan(a + b)) dx

Optimal (type 4, 200 leaves, 9 steps):

x+c x+c x+c _ x+c
Ile (1 - Ibfd ] Ilen[l + %) prolylog(Z, %) prolylog(Z, L]

x2arctan(a + b /¥ T) 1 —1a " 1 +1a _ 1 —1a 1 +1a
2 4 4 2dIn(f) 2dIn(f)
x+c _ x+c
Ipolylog( Ifd ) Ipolylog(S,L]
_ 1 +1a
2d21n(f) 2d*In(f)?
Result (type 4, 651 leaves):
x+c x+c x+c x+c
1ppdxte 15/ 15/ 15 )
Ipolyl In|1-—"—— | 1Zh|1-—— IIn| 1 — ———
poyog( I —la )C n[ —Ia—l) B n[ | —1la ) 11 —la—1pfA¥t) n( 1—1a )€
2d%In(f) 4d° 4 4 2d
) bfdx+c+1+a Ibfdx-i-c) [ Ibfdx-i-cj ( fdx-i-c)
Icdil e — Iln| 1 — —— | & , Ipolylog| 3, ——— I polyl
+ ‘ log( Ita ) _ n[ 1—1la +Ix21n(1—l(a+bjdx+‘)) N polylog| > =", polylog o e
2d%In(f) 4d 4 2% In(f) 2 24 In(f)
x+c _ x+c x+c x+c _ x+c _
th[éfi——iﬁ——l) 1m(1_uﬁﬁi__]x2 Im[l—-ﬂzi——)xc Icm(éﬁi__iﬁ__l)x Ic&bg(éﬁi——iﬂ—lj
_ -I+a n -la—1 n -la—1 _ -1+a _ -I1+a
2 d2 4 2d 2d 2d%n(f)
bfdx+c+l+a fdx-‘rc) ( I fdx-‘rc)
Icln| ——7——— I polyl Ixpolylog| 2, ——
_ 121 (a+bfF)) 1P I(1+1a+1bf1TF) cn[ I+a Jx+ poyog[ 1)t POV S T,
4 442 2d 2dIn(f) 2dIn(f)
x+c x+c
Ipolylog( fd ) 12 ln( u )
I+a

2d? ln(f) 2d?



Problem 33: Result more than twice size of optimal antiderivative.

sz arctan(a + b /7*T¢) dx

Optimal (type 4, 268 leaves, 11 steps):
Ibfdx-i-c Ib/dx-‘rc) Ibfdx+c _Ibfdx-i-c
Ix31 1- |14+ ——— 12 polylog| 2, ——— 1.2 polylog| 2, ————
x> arctan(a 4 b /¥ +¢) n( 1 —1Ia J 4 n[ 1+1a _ POIOB| = 1714 + POYIOB| = 114
3 6 6 2d1In(f) 2dIn(f)
x+c x+c x+c x+c
/d —1bf 167 —1bf J
I lyl I Lyl —_— Ipolylog| 4, ——— Ipolylog| 4, —————
xpoyog( la ) ~ XPOYOg(3a 1 +1a J _ poyog[ "1 _1a ] poyog( "1 +1a
d* ln(f) d*In(f)? d*In(f)? d*In(f)?
Result (type 4, 735 leaves):
) bfdx+c+1+a fdx-i-c) ( Ibfdx-i-cj 3
) 1 dil T E— ) Ipolyl Iln| 1 — ——
13In(1 +Ta+1bp54e) ”’g( I+a ) L 1P —1(atbf1F)) poyog( o Ta—1 )¢
6d° 2d3In(f) 6 243 In(f) 3d
x+c x+c x+c _ x+c x+c
Ixpolylog| 3 fd ) Iln(l - M J A Ic21n( M ) x Ipolylog[ fd ]xz Ipolylog(4, %J
1 —1Ia -1+a 1—1Ia
2 + 3 + 2 + B 3 3
d ln(f) 3d 2d 2dln(f) & In(f)
x+c _ x+c x+c x+c
Ic31n[M) Iln(l Ibfd ]xé Ixzpolylog(Z,%) Iln(l—%J)f’ X e
N -I+a B -la l-la ) | -Ta—1 L e In(1 —Ta—TIbpxFe)
24 2d* 2dIn(f) 6 6d°
) bfdx+c+a_1 fdx-i-c fdx-i-c bfdx+c+1+a
~ 13 1n(1 +I(a+bfdx+")) . Iczdllog[ I+ ) B Ipolylog( — X Ipolylog| 4, — — B 12 1n +a X
6 243 In(f) & ln(f) & ln(f) 2d?
x+c x+c x+c x+c
Iln(l—%)xc2 If’ln(l—%) Iéln(u] I polylog 2,%jc2
1 —1a 1 —1a I+a 1 —1Ia
+ > - - +
2d 6 24 24 In(f)
Problem 39: Result more than twice size of optimal antiderivative.
_ arctan( —Jx+1 ) e
x2
Optimal (type 3, 27 leaves, 6 steps):
T 4 arctan(ﬁ ) 4 arctan(ﬁ ) 4 1
4x 2 2x 2\/7
Result (type 3, 56 leaves):
arctan( —Jx+1 ) I 1 n arctanh(\/x+1 ) n arctan(\/T) _ ln(\/x-l-l —l—l) n ln(\/x—i-l —1)
X 4 4

2Jx 2 2



Problem 41: Unable to integrate problem.

arctan

Optimal (type 3, 60 leaves, 2 steps):

2 &
arctan ex _4e ez x2

- b
4L g2

2ebx +a

Result (type 8, 36 leaves):

ex

L g

Jbx* +a

arctan

Problem 42: Result more than twice size of optimal antiderivative.
Jé”bx+“)mcmn(ﬁnh(bcx4—ac))dx

Optimal (type 3, 46 leaves, 5 steps):
P X a¢qrctan(sinh(c (bx 4+a))) In(1 4 2cbrta))

ch ch

Result (type 3, 1298 leaves):

2
2a (1 +ezc(bx+a)) _ ncsgn(l(ec(bx-‘ra)+I))ngn(l(ec(bx+a)+l)2) o (bx+a)

b ch 2¢h
2
B ncsgn(l(dﬂbx+a)+I)2)ngn(leﬂﬂbx+a)(éﬂbx+a)+l)2) éﬂbx+a)-+ ncsgn(l(éubx+a)+I))2csgn(l(€ubx+a>+l)2)éubx+a>
4cbh 4cbh

2 2

N ncsgn(le—c(bx-i-a)) ngn(le—c(bx-i-a) (ec(bx-‘ra) _1)2) ec(b)H—a) 3 ncsgn(le—c(bx-i-a))ngn(le—c(bx-i-a) (ec(bx+a) +I)2) ec(bx-i-a)
dcbh dcb
2
B ncsgn(I (ec(bx+a) _ I) )zcsgn(l (ec(bx+a) _ 1)2) o (bxta) N ncsgn(I (ec(bx+a) _ I) ) csgn(I (ec(bx+a) _ 1)2) o (bxta)
4cbh 2¢ch

TECSgn(I (ec(bx+“) —1)2) csgn(le-c(bx-i-a) (ec(bx-i-a) _ 1)2)2ec(bx+a)
4cbh




ncsgn(lefc(bera) (ec(bx+a) _ 1)2) ngn(e*c(bx+a) (ec(bera) _ I)z)zec(bera)

4cb
B ncsgn(le—c(bx-‘ra) (ec(bx+a) _H)Z) csgn(e—c(bx+a) (ec<bx+a) +I)2)zec(bx+a)
4ch
-c(bx+a) (.c(bx+a) 2 -c(bx+a) (.c(bx+a) 2\ cbx+a)
_ ncsgn(Ie (e —1) )csgn(e (e —1) )e
dcb
N ncsgn(le—c(bx-i-a) (ec(bx-‘ra) +I)2) ngn(e—c(bx-i-a) (ec(bx-‘ra) +I)2) ec(bx-i-a) . Iec(bx+a)1n(ec(bx+a) +I) ec(bx-i—a)n
dcb ch 2¢h
N ncsgn(l(ec(bx+a) +I)2)3ec(bx+a) B ncsgn(l(ec(bx+a) _1)2)3ec<bx+a) B ncsgn(le—c(bx+a) (ec(bx+a) _1)2)3ec(bx+a)
dcb dcb dcb
N ncsgn(e—c(bx-i-a) (ec(bx-‘ra) _1)2)Sec(bx+a) N ncsgn(le—c(bx-i-a) (ec(bx-‘ra) +I)2)3ec(bx+a) N ncsgn(e-c(bx+a) (ec(bx-‘ra) +I)2)3ec(bx+a)
dcb dcb dcb
B ncsgn(e—c(bx+a) (ec(bx+a) _1)2)2ec(bx+a) B ncsgn(e—c(bx-i-a) (ec(bx+a) _l_I)z)zec(bx-i-a) B Iec(bx+a)1n(ec(bx+a) —I)
4cb 4cb cb
N ncsgn(I (ec(bx+a) +I)2) ngn(le—c(bx-i-a)) ngn(le—c(bx-‘ra) (ec(bx+a) +I)2) o (bx+a)
dcb
3 ncsgn(I (ec(bx-i-a) _1)2) csgn(le—c(bx-i-a)) ngn(le—c(bx-i-a) (ec(bx-i-a) _ 1)2) ec(bx-i—a)
4cbh

Problem 43: Result more than twice size of optimal antiderivative.

Jec (bx+a) grctan(cosh(bex +ac)) dx

Optimal (type 3, 88 leaves, 8 steps):
e Facarctan(cosh(c (bx+a))) (3 4+ 2 /7)) (1-yZ) 3+ 427) (1+J72)

ch 2¢ch 2¢ch
Result (type 3, 1350 leaves):
Iec(bx+a)1n(620(bx+a) +1 _2Iec(bx+a)) ncsgn(lefc(bx+a) (eZC(bx+a) +1 _2Iec(bx+a)) )3ec(bx+a)

2¢h 4c¢cb
ncsgn(I (eZC(bx-i-a) +1 = 2Iec(bx+a)) ) csgn(le—c(bx-‘ra) (eZC(bx-i-a) +1 = 2Iec(bx+a)) )2ec(bx+a)
4ch
N ncsgn(le—c(bx-i-a)) ngn(le—c(bx-‘ra) (462;(bx+a) 41 _2Iec(bx+a)) )zec(bx-i-a)
C

_ - 2
ncsgn(Ie c(bx+a) (62c(bx+a) 41 _2Iec(bx+a)) ) ngn(e c(bx+a) (CZC(bx-i-a) 41 _2Iec(bx+a))) ec(bx-i—a)

+
4cbh




_ ncsgn(le—c(bx-i-a)) ngn(I (eZC(bx+a 1 —21¢° bx+a)) ) ngn(le—c(bx-i-a) (eZC(bx+a 1 —21¢ bx+a)) ) o (bx+a)
4cb
L Tesgn(e @XTO (S0XHD 41 — o (bx+a)))3 e lbxta
4cb
B thsgn(I (eZC(bx-i-a) +1+2160(bx+a)))csgn(le c(bx+a) (eZC(bx-i-a) +1+2160(bx+a)))2ec(bx+a)
4cb
+ ncsgn(Ie'c(bx+“)) csgn (T (efebxta) 4 4 opecbxtaly) csgn(Ie'c(bx+“) (2cbxta) 4| foecbxta)))clbxta)
4cb
ncsgn(Ie'c(bx+“) (620(bx+a) +1 +216¢(bx+a)) )3eC(bx+a) thsgn(Ie'C(bx"'“)) ngn(le—c(bx+a) (ezc(bx+a) +1 +2Iec(bx+a)) )2ec(bx+a)
" dch N Ach
ncsgn(le—c(bx-‘ra) (eZC(bx+a) +1 +ZIec(bx+a)) ) csgn(e-c(bx-i-a) (eZC(bx-i-a) +1 +21€5(bx+a)) )zec(bx-i-a)
- 4c¢cb
+ ncsgn(e—c(bera) (eZC(bx+a) +1 +2Iec(bx+a)) )3ec(bx+a)
4c¢ch
ncsgn(le—c(bx-‘ra) (eZC(bx+a) 41 =21¢ bx-‘ra)) ) csgn(e-c(bx-i-a) (eZC(bx-i-a) +1 _2ICC(bx+a)) ) ¢ (bx+a)
- 4¢b
ncsgn(e’c(b’“ra) (eZC(bx+a) 41— 2Iec(bx+a)) )zec(bera)
- 4c¢ch
ncggn(le'c(bx+‘1) (eZC(bX'HI) +1 +ZIec(bx+a)) ) csgn(e—c(bx-i-a) (eZC(bx-i-a) +1 +2Iec(bx+a)) ) ¢ (bx+a)
4
4¢b
B ncsgn(e—c(bx-i-a) (e2c(bx+a)+1 +2Iec(bx+a)))2ec(bx+a) B In ( 2chbx+a) (1 +\/_) )\/— N ln(ezc(bx+“)+ (\/7_1)2)\/7
4cb 2¢cbh 2¢h
2 2
c(bx+a) 2c(bx+a) 2c(bx+a) _ c(bx+a) 2cbx+ta) cbx+a)
+u+2_a_ln(e +(1+ﬁ)) _1n(e + (V7 1))+1e In(e +1+21¢ )
2eb b 2eb 2¢b 2¢h

Problem 44: Result more than twice size of optimal antiderivative.

Jec (bx+a) aretan(csch(bex +ac)) dx

Optimal (type 3, 45 leaves, 5 steps):

eb cx+ac

arctan(csch(c (bx+a))) N In(1 + e2¢cbxta)
ch ch

Result (type 3, 884 leaves):

3 2
_Iec(bx+a 1n( c(bx+a) +I) B ncsgn(I(e”(ber“)—l—I)z) ¢ (bx+a) N ncsgn(l(ec(bx+a)+I))ngn(l(ec(bx+a)+l)2) ¢ (bx+a)
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Summary of Integration Test Results

572 integration problems



HoQw >

362 optimal antiderivatives

105 more than twice size of optimal antiderivatives
0 unnecessarily complex antiderivatives

105 unable to integrate problems

0 integration timeouts



